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Abstract

The class of segregated pressure-based, single-fluid, all speed flow algorithms is extended to multi-
fluid flow simulations using a unified, compact, and easy to understand notation. Depending on the
constraint equation used to derive the pressure correction equation, the extended multi-fluid flow
algorithms are shown to fall under two categories denoted in this work by the Mass Conservation
Based Algorithms (MCBA) and the Geometric Conservation Based Algorithms (GCBA). This paper
deals with the formulation of both types of algorithms and presents several techniques developed to
promote and accelerate their convergence. Moreover, the differences and similarities between the two
categories are explained and the mass conservation-based formulation is shown to represent a subset

of the geometric-based formulation.
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Nomenclature

A(Pk) - coefficients in the discretized equation for ¢
B(Pk) source term in the discretized equation for ¢
B® body force per unit volume of fluid/phase k.

C/()k) coefficient equals to 1/ RTY.

élf covariant unit vector (i.e. in the direction of d, ).

Dék)[¢(k)] the D operator.

f),gk)[¢(k)] the modified D operator.

D(,f )[¢(k)] the vector form of the D operator.

f)(F'f )[¢(k)] the vector form of the modified D operator.
glm drag function (Eq. (4)).

HP[¢(k) | the H operator.

HI,[¢™] the HI operator working on ¢ (¢"=u® v®, or w').

HP, [¢(k)] the HP operator working on ¢® (¢®=u® v®, or w®).

Hﬁp [#“] the modified HP operator working on ¢® (¢®=u® v, or w®).
HP, [u(k)] the vector form of the HP operator.

HPe [u<k)] the vector form of the modified HP operator.

HI, [u(k)] the vector form of the HI operator.

k .
1 inter-phase momentum transfer.

Jp diffusion flux of ¢ across cell face “f.

J(fk)c convection flux of ¢(k) across cell face ‘f".

k) mass source per unit volume.

n, contravariant unit vector (i.e. in the direction of S, ).
P pressure.

Pr®, Prt(k) laminar and turbulent Prandtl number for fluid/phase k.

o heat generated per unit volume of fluid/phase k.
Q(k) general source term of fluid/phase k.
rt volume fraction of fluid/phase k.

RY gas constant for fluid/phase k.

S; surface vector.
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X, ¥,Z

a,b|

time.

temperature of fluid/phase k.
interface flux velocity (V(fk).Sf ) of fluid/phase k.
velocity vector of fluid/phase k.

velocity components of fluid/phase k.

Cartesian coordinates.

the maximum of a and b.

Greek Symbols

o density of fluid/phase k.

r® diffusion coefficient of fluid/phase k.

o™ dissipation term in energy equation of fluid/phase k.
¢(k) general scalar quantity associated with fluid/phase k.
K space vector equal to (ﬁ P yaf )Sf

Ap [¢(k)] the A operator.

1, ,ut(k) laminar and turbulent viscosity of fluid/phase k.

Q cell volume.

ﬂ(k) thermal expansion coefficient for phase/fluid k.

ot time step.

Y scaling factor.

Subscripts

e, W, . refers to the east, west, ... face of a control volume.
E,W,.. refers to the East, West, ... neighbors of the main grid point.
f refers to control volume face f.

P refers to the P grid point.

Superscripts

C

D

)
(k)*,(k)** ..
) ¢

(k)

refers to convection contribution.

refers to diffusion contribution.

refers to fluid/phase k.

refers to first, second, ... updated value at the current iteration.
refers to values of fluid/phase k from the previous iteration.

refers to correction field of phase/fluid k.
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m refers to fluid/phase m.
old refers to values from the previous time step.

SX refers to SIMPLEX.



Introduction

Over the past two decades important advances have taken place in CFD centered around increasing
numerical accuracy through the development of high-resolution schemes [1-14] and improving
efficiency through devising better solution algorithms [15-21], better solvers [22,23], and increasing
use of multigrid techniques [24-27]. While high-resolution schemes, solvers, and multigrid
techniques can be applied indiscriminately to the simulation of single-fluid or multi-fluid flows,
nearly all developments in solution algorithms have been directed towards the simulation of
incompressible, compressible, and more recently all-speed single-fluid flows [28-32]. In this paper, a
solution algorithm denotes the procedure used to solve the coupling between the velocity, pressure,
mass fraction, and density (for compressible flow) fields.

For the solution of single-fluid flow, a number of segregated solution algorithms have been developed
[15,16-18,20,33,34]. Additionally, several techniques to improve the performance, facilitate the
implementation, and extend the capability of these algorithms have been advertised. The use of the
Momentum Weighted Interpolation Method (MWIM) [35-39] and the Pressure Weighted
Interpolation Method (PWIM) [40-44] that have enabled the implementation of these algorithms with
a collocated variable arrangement is an example of such techniques. Another example is the extension
of the segregated pressure-based algorithms to simulating flows at all speeds [31,32,45-48].

On the other hand, developments in multi-fluid solution algorithms have lagged behind that of single-
fluid algorithms, partly because of the higher computational cost involved, and partly due to the
numerical difficulties that had to be first addressed in the simulation of single-fluid flow. While the
main difficulty in simulating single-fluid flow stems from the coupling between the momentum and
continuity equations, in multi-fluid flow situations, this problem is further complicated by the fact that
there are as many sets of continuity and momentum equations as there are fluids, that they are all
coupled together in various ways (interchange momentum ...), and that the fluids share space.

Despite these complexities, successful segregated pressure-based solution algorithms have been
devised. These algorithms can be divided into two groups based on the constraint equation used in

deriving the pressure equation. Among these algorithms are the Inter-Phase Slip Algorithm (IPSA)
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and its variants devised by the Spalding Group at Imperial College [49-52] and the Implicit Multi-
Field algorithms (IMF) developed by the Los Alamos Scientific Laboratory (LASL) group [53-62].
However, in contrast with the widespread information available on single-fluid solution algorithms,
much less information is available on multi-fluid solution algorithms, a fact that has confined their
implementation to a small community, slowed their development, and isolated them from the newer
developments in single-fluid flow algorithms (PWIM, all speed flows,...).

From the above, it is obvious that the segregated class of algorithms and the many techniques
developed for single-fluid flow, have neither been fully extended nor applied to the simulation of
multi-fluid flow. The main objective of this work is to extend the applicability of single-fluid
algorithms to multi-fluid flow simulations, and to derive these algorithms using a unified, compact,
and easy to understand notation that can be expanded systematically to yield the coefficients of the
pressure correction equation, thus facilitating the implementation of these algorithms to a wider
audience within the CFD community. To this effect, it is shown that all multi-fluid algorithms can be
implemented using a two-step procedure, whereby in the first step a multi-fluid pressure equation is
derived based either on Volume Conservation [49,63-65] or Mass Conservation [50,63-70]. Then, in
the second step, the different segregated single fluid algorithms are applied to the constraint equation,
yielding a multi-fluid correction equation that drives the global iterations towards convergence in a
manner similar to the pressure correction equation in single-fluid flows.

In what follows, the governing equations for multi-fluid flows are presented and their discretization
outlined so as to lay the ground for the derivation of the pressure or pressure-correction equation.
Then, using the unified notation, the different multi-fluid algorithms are described and the framework
for implementing them explained. For compactness, either the Mass Conservation or the Geometric
Conservation form of an algorithm will be given. For the same reason, only the generic forms of the
interfacial mass, momentum, and energy transfers are given. Moreover, it should be stressed that the
intention of the paper is not to compare the relative performance of the different multi-fluid

algorithms, this would be a work in progress; rather, the aim is to unify their formulation.
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The Governing Equations

In multi-fluid flows the various components coexist with different concentrations at different
locations in the flow domain and move with unequal velocities. Thus, the equations governing multi-
fluid flows are the conservation laws of mass, momentum, and energy for each individual fluid in

addition to a set of auxiliary relations.

Conservation of mass

The volume fraction r'™, which is the proportion of volumetric space occupied by the k™ fluid (Q“/Q)
along with the k™ fluid density, p*, and velocity, u™, in order to satisfy the mass-conservation

principle, have to obey the differential equation:

o I.(k) p(k)
n V.(r(k)p(k)u(k) ) — OO (1)
ot
Mass sources are often non-zero, as when one fluid is transformed to another fluid. However,
summation over all fluids leads to the following “overall mass-conservation” equation:

Z(a(r(;)tp(k) N V_(r(k)p(k)u(k) )J =0 (2)
k

The zero on the right-hand side signifies that the sum of mass sources (generation and loss) is zero.

Conservation of momentum

Denoting the velocity of the k™ phase by u®, then the momentum equation for the k™ phase can be

written as:

5(r(k)P(k)U(k))+V.(r(k>p(k)u(k)u(k))= V.[r“‘)(u(k) n u?w)vU(k)]Jr e (_ VP + B‘k))+ 15 (3)

Here P stands for the pressure, which is regarded as being shared by the fluids, B® is the body force
per unit volume of phase (k), Iﬁ) is the momentum transfer to phase (k) resulting from interaction

with other phases and can be written in the following form

100 = Zg(k‘“) (u(m) —u“‘)) (4)

m=k
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Conservation of energy

Let T be the temperature of the k™ phase, the energy equation for the k™ phase is then given by:

a(r“‘)p“‘)T(k)) p®
AP v f9p uOT®)=v | r® + o lyT®
ot pr®  pr®

)

r(k) (k) k) op (k) (k) (k) k) I(k)
o BT E-%V.(PU )-PV.(u®) [+ 0% + & e
P P

where @ is the viscous dissipation function of the k™ phase, * the thermal expansion coefficient
of the k™ phase which is equal to 1/T® for an ideal gas, and Iik) is the interfacial energy transfer to

phase (k).

Turbulence Modeling

The effect of turbulence on interfacial mass, momentum, and energy transfer is a difficult modeling
task and is an active area of research. Similar to single-fluid flow, researchers have used several
models to describe turbulence that depend on the flow type. These models vary in complexity from
simple algebraic [--] models to state-of-the-art Reynolds-stress [--] models. However, the widely used
multi-phase turbulence model, presented next, is the two-equation k-¢ model [--] that is based on its
single-phase counterpart. Without going into details, the conservation equations governing the

turbulence kinetic energy (k) and turbulence dissipation rate (&) are given by:

a(r(k)p(k)k(k)) 1) () (1. (k) ) }l(k) (k) ) (3 (k) (k) . (k) (k)
T+v'(r pPUPK® )=V | 1 S VK e (G —p®e®)+1¢ )
k
W) (k)
a(rmp—(k)gk)+v_(r(k)p(k)u(k)8(k))=V. r B g |y
ot o,

(--)

(%)
x) € ( () (k) (k)) (%)
r ) ¢, GV —c,p e )+ 1

where If(k) and I(gk) represent the interfacial turbulence terms. The turbulent viscosity is calculated as:

x) P
) =C, [kgT)] ()
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The General Multi-Fluid Scalar Equation

A review of the above differential equations reveals that they are similar in structure. If a typical
representative variable associated with phase (k) is denoted by ¢*, the general differential equation
may be written as:

(1) () g ()
orp® )+V.(r(k)p(k)u‘k)<|)(k))=V.(r(k)l“(k)vq)(k))+r(k)Q“‘) ©6)

ot

where the expression for I'® and Q® can be deduced from the parent equations.

Auxiliary Relations

The above set of differential equations has to be solved in conjunction with observance of constraints
on the values of the variables represented by algebraic relations. These auxiliary relations include the
equations of state and the geometric conservation equation.

Physically, the geometric conservation equation is a statement indicating that the sum of volumes

occupied by the different fluids within a cell is equal to the volume of the cell containing the fluids.

> =1 (7)
k

For a compressible multi-fluid flow, auxiliary equations of state relating density to pressure and
temperature are needed. For the k™ phase, such an equation can be written as:

k k k
p( ) =p( )(P,T( )) (8)
In order to present a complete mathematical problem, thermodynamic relations may be needed and

initial and boundary conditions should supplement the above equations.

Discretization Procedure

In the previous sections the differential equations governing multi-fluid flow phenomena were
outlined as well as the associated auxiliary relations. The task now is to present the Finite Volume-

based numerical solution algorithm for solving these equations.
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Discretization of the General Conservation Equation

The general conservation equation (6) is integrated over a finite volume (Fig. 1) to yield the following

expression:

H

(k) (k)q)(k) dQ+”V.(r(k)p(k)u(k)(b(k))dQ
e ©)
= ”v.(r<k’r<k>v¢<k’ )dQ + ”r“‘)Q“"dQ
Q Q

Where Q is the volume of the control cell. Using the divergence theorem to transform the volume
integral into a surface integral and then replacing the surface integral by a summation of the fluxes

over the sides of the control volume, equation (9) is transformed to:

orpMe 0 k)D K)C ) (k

( ), 3 (IWP 4 3®C) = r QW0 (10)
at nb=e,w,n,s,t,b

where J° and J('° are the diffusive and convective fluxes, respectively. The discretized form of

the diffusive flux along an east face is given by:

S.S — o
G gt an

where the over bar denotes a value obtained by interpolation, k, is a space vector defined as,

Ke=(ﬁe—(ya)e)5 =k i+x]j+x’k (12)
and y is a scaling factor given by [70],

’Ye = = € ¢ (13)

and N.and élf are the contravariant and covariant unit vectors respectively. The discretized
convective flux along an east side is given by:

K)C k) (k) (k K k) (o7 7k k k) 4 (k
J® :(r< 1pMy )'S)ed)i ) :(r( 1py ))e¢§ =Wl (14)
where S, and C, are the surface vector and convection flux coefficient at cell face 'e', respectively.
After substituting the face values by their functional relationship relating to the node values of ¢, Eq.

(10) is transformed after some algebraic manipulations into the following discretized equation:
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) g k) _ (k) 4 (k) (k)
AP =D AN +Bh (15)
NB

. k .
where the coefficients A;k) and (NE: depend on the selected scheme and B,(Dk) is the source term of the

discretized equation . In compact form, the above equation can be written as

©) 4 ) Rk

ZANB xs T Bp

0" =H [(I)(k)]: NB
P

(16)
AL

Discretization of the momentum equation
The discretization procedure for the momentum equation yields an algebraic equation of the form:

(k) (k) (k) (k) (k) (k) (km) (, (m) (k)

APUP = Y AQus +BY —rPQ,V,(P)+Q, > g (up —u! ) (17)
NB(P) m=k

In the above equation, the inter-phase term is written out explicitly to show the strong coupling

among the momentum equations of the different fluids. This is in contrast with the spatial coupling

that exists among the neighboring velocities of the same fluid. One way to improve the overall

convergence and robustness of the algorithm is to rewrite the discretized momentum equations for the

various phases such that:

APUP =3 Aul +BY — P,V (P)+Q, > g mu™ (18)
NB m=k
Where now
AP « AP +0, 3 (gm) (19)
m#=k

For later reference, the value of A(Flf ! before the addition of the inter-phase terms will be denoted by

A(Fi,( ' To this end, the discretized form of the momentum equation can be rewritten as:
u® = HP,Ju® |-r®DWv, (P) (20)
where the body force and inter-phase terms are absorbed in the B(F',( ' source term within the HP, [u(k) ]

term, or as

u® — HIP[u(k)]+ D® Z(g(km)ui’m)) (21)

m=k

where the body force and pressure gradient terms are absorbed in the B(Pk ) source term within the

HI, [u(k) ] term. For later use, modified forms of the HP, [u(")] and D(Fif " operators are defined as:
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(k)u (k)
- ZANB uNB N D(k)[u]
HPp[u® =2 DY) = ——F

. (22)
Ai,k)’

1—HP, [1]

Discretization of the Continuity Equation

The mass-conservation principle (Eq. (1)) can be viewed as a volume fraction equation for the k™
phase in which case it can be discretized and written in the form

(k) _ (k)
r, =H, [r ] (23)
or as a continuity equation for the k™ phase to be used in deriving the pressure correction equation, in

which case it is discretized in the following form:

(rlgk)p;k) )_S(E.;k)p;k) )Old ooa, [r<k)u(k) .S] _ ok (24)

where the A operator represents the following operation:

AP[®]= Z®f (25)

£=NB(P)

Discretization of the Energy equation

The discretization of the energy equation follows that of the general multi-fluid scalar equation. The
only difference is the one pertaining to the discretization of the additional source terms. Since a
control volume approach is followed, the integral of these sources over the control volume appears in
the discretized equation. By using the divergence theorem, the volume integral is transformed into a

surface integral and the resultant discretized expressions are evaluated explicitly.

Multi-Fluid Solution Algorithms

Before detailing the multi-fluid segregated solution algorithms, it will be shown that these algorithms
may be grouped under two categories denoted in this work by the Geometric Conservation Based
Algorithms and the Mass Conservation Based Algorithms. To justify this classification, attention is
focussed on the equations and variables involved in a multi-fluid flow situation with n-fluids. In such
a case, there will be n momentum equations, n volume fraction (or mass conservation) equations, a

geometric conservation equation, and for the case of a compressible flow an additional n auxiliary
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pressure-density relations. Moreover, the variables involved are the n velocity vectors, the n volume
fractions, the pressure field, and for a compressible flow an additional n unknown density fields. It is
clear that the n-velocity fields are associated with the n-momentum equations, i.e. the momentum
equations can directly be used to calculate the velocity fields. The volume fractions could arguably
be calculated from the volume fraction equations, which means that the remaining equation i.e. the
geometric conservation equation (the volume fractions sum to 1) has to be used in deriving the
pressure equation, or equivalently the pressure correction equation. This results in what is called here
the Geometric Conservation Based Algorithm (GCBA).

The equations can be arranged differently, with the n momentum equations used to calculate the n
velocity fields, n-1 volume fraction (mass conservation) equations used to calculate n-1 volume

fraction fields, and the last volume fraction field calculated using the geometric conservation equation

r™=1- Zr(k) (26)

k#n

The remaining volume fraction equation can be used to calculate the pressure field. However, instead
of using this last volume fraction equation, the global conservation equation can be employed, i.e. the
sum of the individual mass conservation equations, to derive a pressure correction equation. The
resulting algorithm is denoted in this case by the Mass Conservation Based Algorithm (MCBA).

With this classification, attention will now be directed towards presenting the various MCBA and
GCBA in addition to several techniques that were introduced to enhance the performance and

accelerate the convergence of these algorithms.

Part | - Mass Conservation Based Algorithms

The sequence of events in the Mass Conservation Based Algorithm (MCBA) is as follows:
e Solve the momentum equations for velocities.

e Solve the pressure correction equation based on global mass conservation.

o Correct velocities, densities, and pressure.

e Solve the individual mass conservation equations for volume fractions.

e Solve the energy equations.
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e Return to the first step and repeat until convergence.
The above steps, along with some of the techniques that were developed to improve on them, are

detailed next.

Solving for Velocities

In this first step, the following systems of momentum equations are solved to find u(Pk " based on

guessed or previously calculated volume fraction and pressure fields:

U® = HI,[u® ]+ DB 3 gtmutm @7)

m#k

From Eq. (27) it is clear that the HI , [u"‘)] term couples u(Flf) to the neighbouring phase (k) velocities

(geometric or spatial coupling) while the D> g“™uf™ term couples U’ to the velocity of all

maek
other phases at grid point P (inter-phase coupling). Therefore, the rate of convergence of the iterative
solution procedure used to solve the above system will greatly depend on its capability to resolve both
types of coupling. The spatial coupling presents no problem to the well-established iterative
techniques since it couples velocities of the same phase. The inter-phase coupling is however
problematic since it relates velocities of different phases. An explicit evaluation of this term slows the
convergence rate considerably especially when the inter-fluid momentum transfer terms, represented

(mn)

by g™, are large. To accelerate convergence, the Partial Elimination Algorithm (PEA) [68] and the

SImultaneous solution of Non-linearly Coupled Equations (SINCE) [67] technique were developed.

Improvement #1: The Partial Elimination Algorithm and The SImultaneous

solution of Non-linearly Coupled Equations technique

The central idea in the Partial Elimination Algorithm (PEA), applicable to two-fluid flow, is to render
the discretized momentum equations more implicit by de-coupling the two sets of equations. This is

achieved in a straightforward manner and it results in a modification to the values of A(Fif ) and B(Fif )

For the case of two-fluid flow, the momentum equations are given by:

u® =HIL O]+ DYEPU® U@ = HI,u® |+ DO Iy (28)
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It is clear that each of the equations (28) contains both variables u“) and u(F,2 ) simultaneously. In

order to eliminate the velocity of one of the phases from the other phase momentum equation, and

vice versa, these equations may be rewritten using the PEA as

Jo H Ju® ]+ DO PHI[u® | jo H! Ju®@ ]+ D@ g HI, [u® |
1— Dg)g(U)D(Z)g(Zl) 1— Dg)g(lz)D(z)g(zl)

(29)
This treatment renders the equations more implicit (uP is absent from the u(Pl) equation and vice
versa) and enhances the rate of convergence, which otherwise would have been slowed down by the
lagging inter-linkage of the two equations.

The use of the PEA technique with more than two fluids can become cumbersome. The SImultaneous
solution of Non-linearly Coupled Equations (SINCE) method [67], is a technique similar to the PEA
in its aim, applicable to three or more phases. It is however different than the PEA in that the
equations’ spatial coupling and inter-phase coupling are accounted for in two distinct steps. In the first

step, the inter-phase coupling is resolved by solving the momentum equations on each grid point
without accounting for the spatial coupling, i.e. by moving the HI [u(k) ] terms to the right hand side

and treating them as source terms. The system of equations for a k-fluid flow can be re-arranged and

written in the following form:

G = DY Y g ™+ HI u]

m#l

b0 —p@ S g 1, [u@ ]

m=#2 (30)
M
(0 = DO S gt 4 1 Ju®]

m#k

These equations are solved in a first step for the respective control volumes, and the solution used as a
first estimate of the velocity fields (l(,l g‘)) in calculating the inter-phase terms. In the second step, the
inter-phase friction terms are absorbed into the standard source terms of equation (15) and the full-

field solution of the momentum equations is accomplished in a sequential manner using the normal

calculation method via the following system of equations:

U HIL U |+ DO T gt a1

m#k
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Solving for Pressure Correction

Before convergence, the velocities calculated from the momentum equations do not satisfy the mass
conservation equations. In the segregated approach, the burden of restoring balance rests on the
pressure correction equation, which in this case is derived from the overall mass conservation
equation. The segregated MCBA can be viewed as extensions to the SIMPLE algorithm and its
variants, in which, the pressure correction equation derivation follows the same pattern as in SIMPLE
(or any of its variants), and the corrections are applied only to the velocity, pressure, and density
fields. No correction is applied to the volume fractions; rather, they are obtained by solving the
individual continuity and geometric constraint equations.

To derive the pressure-correction equation, the mass conservation equations of the various phases are

added to yield the overall mass conservation equation given by:

(k) () ) _ (-(0) L () |01
Z (rp Pp ) S(trp Pp ) Q+Ap(r(k)p§,k)u(k)-5) ZZr(k)Wk) -0 (32)
k k

In the predictor stage a guessed or estimated pressure field from the previous iteration denoted by P,

is substituted into the momentum equations. The resulting velocity fields denoted by u®” which now
satisfy the momentum equations will not, in general, satisfy the mass conservation equations. Thus,
corrections are needed in order to yield velocity and pressure fields that satisfy both equations.
Denoting the corrections for pressure, velocity, and density by P’, u®”’ , and p(k), respectively, the
corrected fields are written as:

P=P°+P,u® = u®" 4 u(k)',p(k) = p(k)O + p(k)y (33)
Thus, before the pressure field is known, the velocities obtained from the momentum equations are

actually u“" rather than U". Hence the equations solved in the predictor stage are:

u;")* = HPP[u(‘”*]—r(")"D;k)VPPO (34)
While the final solutions satisfy

uy? =HP,[u®]-r“°DyV,P (35)
Subtracting the two sets of equation (35) and (34) from each other yields the following equation

involving the correction terms:
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Ul = HP,[u - DXV P’ (36)

The velocity and density fields are corrected to satisfy mass conservation. Therefore, the new density

and velocity fields, p™ and u®, will satisfy the overall mass conservation equation if:

(rék)op;k) )_Sgrlgk)p;k) )old Qi [r(k)op(k)u(k) .S] -0 (37)
k

Linearizing the (p®u®) term, one gets

@wv+¢wamﬂHNdemn&v+pmnwy+pmuwﬁ+pmhwy (38)

Substituting equations (38) and (36) into equation (37), rearranging and replacing density correction

by pressure correction, the final form of the pressure-correction equation is written as:

> {% r°COPL 4 A, [P US COP]- A, [r<k>° pl" (r<k>° D“"VP’).S }
k

(K)o | (k)* (k) (k)

( )Old
:_Z Iy " Pp _Strp Pp Q+Ap[r(k)op(k)*U(k)*]

+ AP [I'(k)()p(k)* (HP[U ® ])S]+ AP [I'(k)op(k)yu(k)’ S

(39)

The second order correction term p(k)ru(k)'is usually neglected. Moreover, if the HP[U (k)r] term in

the above equation is retained, there will result a pressure correction equation relating the pressure
correction value at a point to all values in the domain. To facilitate implementation and reduce cost,
simplifying assumptions related to this term have been introduced. Depending on these assumptions,
different algorithms are obtained. These algorithms were originally developed for incompressible
single-fluid flow and most of them have not yet been extended to compressible multi-fluid flow. It is

an objective of this work to perform this extension.

Extending the Segregated class of single-fluid flow algorithms to multi-fluid

flow situations

Moukalled and Darwish [21] have recently unified the formulation of the segregated class of
algorithms for single-fluid flow and detailed the philosophies behind them. Therefore, it is sufficient
here to present the symbolic form of the multi-fluid version of these algorithms. For additional

discussion related to their development the reader is referred to [21].
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In the derivations to follow, the superscripts “old” and “o0” denote values from the previous time step
and previous iteration, respectively. Moreover, the superscripts *, ** *** and **** represent the
first, second, third, and fourth updated values at the current iteration, respectively.

The MCBA following SIMPLE (MCBA-SIMPLE): Symbolic Form

Predictor:

ui,k)* = HPP[u“‘)*]—r“‘)"DS‘)VPP0 (40)
Corrector:
( (0 pr ok )( (0% _ 0" Ly p* = poy pr o0 :p(k)o+p(k)’) 7
(k)** =HP [u‘k)**]—r‘k)"Di,k)VPP* = HPP[u“‘)* + u‘k)']—r‘k)"D;k)VP(PO +P') (42)
uy =HP,[u" ]-r"“°DV P’ )
.. p(k)’ — Cék)P’
Condition:
Q  ormpr [(k)o (1 700 r] [(k)" (k)o( ®)° Py K) r)
> 5 CEPy + A, r°COUY P [— AL 1 p ™ol DYVP' LS
k
(k)o ()0 _ (100 500 Old
~ Z pP S(t P ) Q+Ap[r(k)op(k)OU(k)*] (44)
+ AP [I‘(k)op(k)o(HP[U @’ ])S]-i— AP [r(k)"p“‘)'u(k)' S
Approximation:
Neglect: HP[u(“)'], Ap[r(k)op(k),u(k)’.S] = ul =—r®DPV P’ (45)
Approximate Equation:
Q  or0pr [(k)o ) 7()* ,] [(k)" <k>o( (®)° (k) ,)
> 5 CEPy + A, [r°COUY P |- A 1 p ™ DOVP'|S
k
(46)

_ —Z{ (k)opi)k)o S(Eék)pi’k)) Q:a, [r(k)"p(k)"U(k)* ]}
k

A Global MCBA-SIMPLE Iteration

« Solve implicitly for u®, using the old pressure and density fields.

« Calculate the D™ fields.

« Solve the pressure correction equation and correct u®, P and p®.
« Solve implicitly for r®.

* Solve implicitly the energy equations and update the density fields.
* Return to the first step and iterate until convergence.

The MCBA following SIMPLEST (MCBA-SIMPLEST): Symbolic Form

Predictor:

U = HPP[u™" |+ HPS [u®® |- ropiry , po 47)
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Corrector:
(u(k)’ ,P/’p(k)' )(u(k)** _ u(k)* n u(k)’ ,P* _ Po + P’,p(k)* _ p(k)o + p(k)’) (48)
u®" = HPP ™" |+ HPP [u® [+ HPS [u™” [+ HPS [u™] )
o K)o (k) ) kK)o (k ’
— 1DV, P° - DV P
ui,k)' =HP, [u(k)']+ HPPC[u(k)* - u(k)"] —r(k)"Dg‘)VpP'
S p(k)’ _ Cék)P' (50)
Condition:
z Qr(k)ocmpr T A [r(k)OC‘k)U(k)*P’]— A [r(k)" (k)o(r(k>°D(k>VPr)S
— 5t P o Ip P 0 P p -
(K)o (K)o _ (.(k) (k) Ol
I Pp _(rp Pp ) Q+Ap[r(k)op(k)oU(k)*] (D
== 8t
k o * ’ ' ,
+A, [r(k) p(k)"(HPC[u(k) - u(k)°]+ HP[u(k) ]).S]+ A, [r(k)"p‘k) u®'.s
Approximation:
Neglect: HPC[u(k)* —u“‘)"], HP[u“"], Ap[r(k)0 (k)yu(k)r.S] = u¥ =—DYV. P (52
Approximate Equation:
z Qr(k)on)p T A [r‘k)"C(k)U(k)*P']— A [r<k>° ‘k)"(r(k)oD(k)VP')S
— 5t P o Ip P N P p
r(k)op(k)o B (r(k)p(k) )om * (53)
— _Z P P p Pp Q+Ap [r(k)op(k)oU(k) ]
X ot
A Global MCBA-SIMPLEST lteration
« Solve for u®, treating HP® [u(k)] implicitly and HP® [u(k)] explicitly.
« Calculate the D™ fields.
« Solve the pressure correction equation and correct u®, P and p®.
« Solve implicitly for r®.
* Solve implicitly the energy equations and update the density fields.
* Return to the first step and iterate until convergence.
The MCBA following PISO (MCBA-PISO): Symbolic Form
First Predictor:
u;k)* = HPP[u(k)*]—r(k)"Dg‘)VPP0 (54)
First Corrector:
(u“‘)',P',p“‘)' )(u“‘)** — U Ly Pt = PO pr p = gk p<k>') (55)
ui,k)** = HPP[u(k)**] - r<k)°D<Pk)VPP* = HPP[u(k)* + u<k)r]—r(k)°D§,k)VP(P° + P’) (56)
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{u;‘" = HP,[u" ]-r*°DYV, P’

, (57)
p(k) — C:Jk)P’
Condition:
z {% rlﬁk)"CS‘)P}Q +A, [r(k)"C ;“U(k)*P']— A, [r(k)op“‘)"(r‘k)o D“‘)VP').S }
k
(K)o . (k)o (k) - (k) |OMd
Iy " Pp _(rp Pp ) Q+Ap[r(k)op(k)oU(k)*] (58)
= 8t
+A, [r“‘)op(k)"(HP[u (ky ]).S]+ A, [r(k)"p“‘)'u(k)' .S
Approximation:
Neglect: HP[u(k)'], Ap[r(k)op(k)’u(k), .S] = ul = r®°pPv p’ (59)
Approximate Equation:
z {% rlﬁk)"CS‘)Pl; +A, [r‘k)"Cék)U(k)*P’]— A, [r‘k)op(k)"(r(k)o D(k)VP’).S }
k
r(k)op(k)o B (r(k)p(k) )om * (60)
_Z p Pp p Pp Q+Ap[r(k)°p(k>°U(k> ]
m ot
Second Corrector:
(u(k)”’P!r’p(k)” )(u(k)**** — g Ly P o Pt P p  p p(k)”) 61)
ud™" = HP, U™ 1= r°D®" v, (P* + P”) (62)
uy™ = HP, [u" - D"V P’ (63)
‘ uﬁ,k)" = HP;*[u(k)*** —u®™" 4 u(k)"]—r(k)"D;k’**VPP” "
A cwrpr (64)
P
Condition:
Z{% rlﬁk)"CS‘)P{,’ +A, [r(k)"C;k)U(k)***P”]— A, [r“‘)op“‘)* (r(k)oD(k)**VP”).S }
k
(K)o, (k)* (k) - (k) |0
Iy " Pp _(rp Pp ) Q+A, [r(k)op(k)*U(k)***] (65)

== St
+A, [r<k)°p<k>* (HP** [u<k>*** _u® g Dls]+Ap[r(k)op(k)"u(k)” S

Approximation:

Neglect: HP™ [u(k)*** —u®” +u("’"], Ap[r(k)op(k)”u(k)".S] = ul =—DPV,P"  (66)
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Approximate Equation:

Z{%rﬁk)"cg)f’g A, [r(k)"C:)k)U(k)***P"]— A, [r(k)op(k)* (r(k)oD(k)**VPn).S }

k

— _Z P P p Pp Q-i-AP[r(k)op(k) u® ]
. ot

A Global MCBA-PISO lIteration
* Solve implicitly for u<k)using the old pressure and density fields.
« Calculate the D™ fields.
» Solve the pressure correction equation and correct u<k), P, and p(k).
« Solve implicitly for r®.
* Solve implicitly the energy equation and update the density fields.
« Solve the momentum equations explicitly and calculate the D fields.
* Solve the pressure correction equation and correct u(k), P, and p(k).
* Return to step one and iterate until convergence
The MCBA following SIMPLEX (MCBA-SIMPLEX): Symbolic Form
Predictor:

ul” =HP,[u® ]-r*°D{V,P° (68)
Corrector:

(D, P, p® Nu®™ =u® 4+ u® PT = PO+ P, p® = p 4 o)) (69)
ui,k)** = HPP[u(k)**] - r(k)"DS‘)VPP* = HPP[u(k)* +u® ]1- r(k)oDﬁ,k)VP (P° + P') (70)

uy =HP,[u® ]-r"°DV P’
SR PNIS: Opr 7D
p =C'P
Condition:
K)o ~ (K)o k) k) (k) \Old
rp” ( v +P§:))—(r1§ )Pi)) A [r(k>o (K)o ()" S]
Q P p :
ot - [ (K)o (kY (kY (72)
+AP[r(k)°p(k)'u(k)*.S]+ AP[r‘k)Op(k)Ou(k)r.S ‘ AT TUTS

Approximation:
Neglect: A, [r(k)op(k),u ( .S] and let

ug,k)' = HPP[u(k)']—rlik)ODg,k)VPP' = —rlﬁk)ODS‘)SXVPP’ (73)
=- rék)ODf)k)SXVPP' =HP, [—r(k)OD(k)SXVPP'] — r,ﬂk)"Dg‘)VpP' (74)

Assume that the pressure difference local to the velocity is representative of all pressure differences

ie. HP,[-r®° D™V Pl = ~(V,P')HP, [t D™, thus:

(kKyoy(k)SX _ (k)ory (k)SX (k)ory (k)
rp Dy = HP[r™°D™ 14+ 1,°Dy (75)
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Approximate Equation:

Q * o o
Z{grlgk)ocfak)]?l; +Ap[r(k)océk)U(k) P']—AP [r(k) p(k)o(r(k) D(k)SXVPr).S}
k

. (76)
_ _z r{op e _ (rlgk)p;m)om 0ra, [r(k>0p<k)°U(k)*]

" ot
A Global MCBA-SIMPLEX Iteration

« Solve implicitly for u®, using the old pressure and density fields.

« Calculate the D™ fields.

« Solve implicitly for the D®®* fields.

« Solve the pressure correction equation using these D™ fields.

« Correct u®, P and p®.

« Solve implicitly for r®.

* Solve implicitly the energy equations and update the density fields.
* Return to the first step and iterate until convergence.

The Expanded Form of the Pressure-Correction Equation

It is obvious by now that the various simplified pressure-correction equations are similar and may be

written as:

Z{% H9oCOp: 1 A, [(RCO TP A, [ (0 DOVPY)s }
k

(K)o (k) _ (.(k) J(k) (77)

__Z Iy " Pp éip Pp )OldQ+AP[r(k)°p(k)U(k)]
*

Where, depending on the algorithm used, U® and p® represent values from the previous iteration or
from a previous corrector step. The second term on the left hand side is similar to a convection term

and may be discretized using any convective scheme (the upwind scheme is employed here). The

term A, lr(k)op(k) (r(k)oD(k)VP').SJ is discretized following the same procedure used in discretizing
the diffusion flux. Substituting the various terms in Eq. (77) by their equivalent expressions and
neglecting the non-orthogonal terms, the final form of the pressure-correction equation is written as:

P’ P’ P’ P’ P’ P’ P’ P’
A P, =A P +A P, +A P, +A P+ A PL +A P, +B, (78)
where

AY =3 (00 + () - ut) (79)
k

(k)Oc(k) (@)
AL =Y A +Z(—(r é’—)P Sy ltre ) u (50)
NB k t nb
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(r<k>op(k> _ r(k)oldp(k)old)

M= p Pr "7 P () ()70

By =2 Q, + 3 1p Ul
k nb

ot
s (81)
(k) < P
3D u,S))
. = 072500 =l
¢ =T L Py S .d.
The corrections are then applied to the velocity, pressure, and density fields using the following
equations:
u;k)* _ ug)k)o _r(k)ngk)vPP(’ P* _ Po +P,, p(k)* _ p(k)0+Cék)P! (82)

Improvement #2: Weighted Pressure Correction

Numerical experiments [72] using the above approach to simulate air-water flows have shown poor
conservation of the lighter fluid. To understand this behavior, the residual error of the continuity
equation of the k™ phase, after any global iteration, that arises because the velocity, density, and
volume fraction fields do not yet satisfy the continuity equation is denoted by RESC™. The pressure
correction equation being derived from the global conservation equation, the intention is to correct the
velocity fields so as to drive the global residual error, which is equal to the sum of the local residuals,
to zero i.e. RESC"+ RESC? + .. + RESC™ —0.

In the presence of a relatively very high density fluid such that p™>>p™® for k#n, the residual error of
the n™ fluid will be of a magnitude commensurate with the respective phase density, i.e. RESC™ is
expected to be much larger than RESC® for k#n. In this case, only the residual of the high-density
fluid will be significant while that of the low-density fluid will be relatively negligible, and hence the
pressure correction will tend to drive the high-density fluid to conservation.

This problem can be considerably alleviated by normalizing the individual continuity equations, and
hence the global mass conservation equation, by means of a weighting factor such as a reference

density p® (which is fluid dependent) to give a conservation equation of the form:

*) () /p(k))—(r(k)p(k’ /p® )O'd p®

(rP Pp (k) (k) _
> 5 Q, +A, |1 F u®s|t=0 (83)

k

In this case the pressure correction equation is obtained by simply replacing p(k) by p(k) / B(k) .
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Solving for volume fractions

The volume fractions can be obtained by solving the fluid continuity equations (Eq. (23)). However, if
all volume fractions are obtained by solving the continuity equations, the geometric constraint will not
be enforced unless the appropriate velocity field is available, which is not the case until convergence.
One remedy is to solve for n-1 volume fractions using the fluid mass conservation equations, and then
to employ the geometric conservation equation to find the last volume fraction field. Thus, for fluids

k=1 to n-1, solve

" =H, [r(k)*] and for k=nuse 1" =1- Zr}fk)* (84)
k#n
A drawback of this procedure is that the volume fraction field of any phase will not be influenced by

the volume fraction fields of other phases except when calculating the n™ phase. This can affect the

convergence rate negatively. Better solutions are presented below.

Improvement #3: Mutual influence of Volume Fractions

An improvement on the above procedure, is to solve all continuity equations to obtain all volume
fractions and then enforce the geometric conservation constraint on the resulting volume fraction

values using the following equation:

(k)* (k)
() r HP[ ]

T
- (my (m)*

The summation is carried out for all phases, and r'* is the value of the volume fraction for fluid (k)

r

for allk (85)

(k)

which is carried into subsequent calculations. These 1 of course, do sum to unity, and the values of

every phase are affected by all other phases.

Improvement #4: Implicit Volume Fraction Equations

The solution of the volume fraction equations can be improved by implicitly accounting for the
influence of the volume fractions of the different phases on each other. The details of the procedure
will be presented for a two-fluid flow and then generalized to n-fluid flow situations. For that purpose,
the following simplified form of the volume fraction equation is considered:

(k) (k) (k)
E Aptyg +Bp
Y =H[r(k) ]= NB

(836)
AY
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For the case of a two-fluid flow, the sum to 1 rule can be written in the following form

(@] (1)* (M 2) (2)* (2)
ZA ) + B, ZA 1) + B,

M* | @F _1_
i+ =1= NI +N e (87)
P P

Based on this equation, the volume fraction equation for fluid (1) or (2) can be written as

(10r2) (101’2)* (lor2)
(Tt i |
(lor2)*

NB

o2y _ (88)
N [1 RESR® RESR® J
(or2)| 1 _

o )
Ap Ay
For the case of n fluids, the k™ volume fraction equation can be easily deduced from the above
equation and is given by,

(ZA(k) ©* L B (k)j
(k)y* _

NB

' = — (89)
RESR ™
)] 1_
AP (1 Z A(m) J
m P

Improvement #5: Bounding the Volume Fractions

While the above technique can be used to solve the volume fraction equations, it does not guarantee
that the volume fraction values are bounded (i.e. between 0 and 1). This is a feature of iterative
methods, which are known to return intermediate values that violate the set bounds. While these
restrictions can be explicitly enforced after obtaining the solution from the discretized equations, a
number of techniques were developed that lead to the implicit enforcing of these constraints.

The procedure developed by Carver [73] is an example of such methods based on a modification to
the under-relaxation practice of Patankar [16]. In this approach, instead of solving the volume fraction

(k)imp

equation directly for r'® to yield r*™, under-relaxation is used to yield a value r®“=p ™ +(1-p)

(k)°

‘ (lo°

, where B is between [0,1] and " is the solution from the previous iteration. Equation (15) is thus

rewritten as:

1- 0
(k)C ZANB Tiflgc +BP + ( BB) AP ]Ek) (90)

(k)C

In the Carver procedure, the value of r over each control volume is monitored by explicitly

calculating an intermediate value 1™ as:
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1-

2 Awhg’+B, 4 ¢ B)Apr;k”

rlgk)mt _NB n 91
P

p
(K)o

If rlsk)im >(1-¢) then the under-relaxation factor is modified to the form B=MAX(1-r,"",y). The

parameters ¢ and y are small; Carver suggests values of 0.05 and 10°. The system of equations for
each volume fraction is then solved implicitly using, for every control volume, the individually

assigned relaxation parameter.

Solving the energy equations

The solutions of the energy equations follow that of the general multi-fluid scalar equation. As such,
nothing new needs to be added in that regard (though in many cases coupling of the energy equation

with the momentum and continuity equations is beneficial).

Part Il - Geometric Conservation Based Algorithms

The sequence of events in the Geometric Conservation Based Algorithm (GCBA) is as follows:

e Solve the individual mass conservation equations for volume fractions.

e Solve the momentum equations for velocities.

e Solve the pressure correction equation.

e Correct velocity, volume fraction, density, and pressure fields.

e Solve the individual energy equations.

e Return to the first step and repeat until convergence.

As in the MCBA, the GCBA uses the momentum equations for a first estimate of velocities.
However, the volume fractions are calculated without enforcing the geometric conservation equation.
Hence, the mass conservation equations of all fluids are used to calculate the volume fractions. The
pressure correction equation is based on the geometric conservation equation and is used to restore the
imbalance of volume fractions. The errors in the calculated volume fractions are expressed in terms

of pressure correction (P'), which is also used to adjust the velocity and density fields. An example
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of a GCBA is the original IPSA, developed by Spalding [74], which introduces a stronger coupling
between the pressure and the volume fractions than the MCBA.

For compactness, the techniques introduced earlier that are also applicable here, will not be repeated.
Rather, attention will be directed towards the derivation of the pressure correction equation and the

introduction of the various GCBA. This is followed by a comparison between the two families.

Solving for Pressure Correction

After solving the continuity equations for the volume fraction fields and the momentum equations for
the velocity fields, the next step is to correct the various fields such that the volume fraction fields
satisfy the compatibility equation and the velocity and pressure fields satisfy the continuity equations.
For that purpose, an approach similar to the one used with the MCBA is adopted. The difference
between the two approaches lies in the constraint equation employed in deriving the pressure or
pressure correction equation. In the MCBA, the overall mass conservation equation was utilized. In

the GCBA, the pressure correction equation is derived from the geometric conservation equation.

To start the derivation, it is noticed that initially the volume fraction fields denoted by ™", do not

satisfy the compatibility equation and a discrepancy exists i.e.

RESG, =1-> /" (92)
k

A change to 1" is sought that would restore the balance. The corrected r value, denoted by r™

(r(k) =0 ), is such that

r®)=1-Y(r™" )= RESG (93)
S )=1-26) .

k k

(k

Correction to the volume fraction, ™", will be associated with a correction to the velocity, density,

u(k)'

and pressure fields, , p(k)’ ,and P’ respectively. Thus, the corrected fields are given as:

* , * , o ,
0 = p 0" (0 popey pr ) @ 4 g® p®  p00° o0 (94)

The discretized form of the corrected continuity equation of phase (k) can be written as

(rlgk)* n I.lgk)’ Xp;k)o i p;k)' )_ (l‘lgk)p;k) )Old 0
5t P 5
g e O ) M ),




A Unified Formulation of the Segregated Class of Algorithms for Multi-fluid Fluid Flow at All Speeds 28

Neglecting second and third order terms (i.e. T, (k) p;k),pi,k)u(k) “‘)u(k’ andr(k) “‘)u“‘))

expanded form reduces to:

(ky* | (k) (k) (k)°
( Pp” +1p " Pp

ot

_@(Pk)rl()k)'gp _ ( (k)* p;k) )&(rlgk)p;k)) QP —AP[(r(k)*p(k)oU(k)* )]_I_P&;k)r}gk)*gp

Writing u™" as a function of P’, similar to what is usually done in a SIMPLE-like algorithm, the

)Q +A [( (I)* (k)°u(k) S+r(k)*U(k)*p(k) +p(k)°U(k)*r(k)’)]
(96)

correction momentum equations become

u® = HP[u(k)' 1-r*"D®VP’ - ' DOVP — W DOVP! 97)
Substituting Eq. (97) into Eq. (96), rearranging, and discretizing one gets

, . o HPU® 1= r®"D®VP’ . ey
Pl LA | 0o [' ] Sy
St — ' DMVP’ (98)

N ( (k)* p;k)o) St( (k)p(Pk)) a, +AP[(r(k)*p(k)°U(k)* )]—N%k)rlﬁk)*ﬂp

where R =1/A.

Neglecting the correction to neighboring cells, equation (98) reduces to:

(o W1 _ 0 O up’
o Q, P oWy A | 0" HPU™ ]-r™"D™VP S 4w
5t — W DOVP’ '
—R¥ (99)
P
007 007 ) _ (100 0
+( Pr )St(rp Pr ) Q, +A [( (0 “"“’U‘“”)] MO

Substituting this equation into the geometric conservation equation and replacing density correction in

terms of pressure correction (i.e. p(k)y = Cék)P' ), the pressure correction equation is obtained as

L' ) o
Ll el B 8: 2P+ A [r U COP ]+
SH-RE| A, [ p® (HPU® |-+ DS VP — ¥ D®VP')S] || = RESG, (100)

N ( (10" 5 0 )St( (k)pg«))od o +AP[(r(k)*P(k)OU(k)* )]
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As detailed next, the above equation can be expanded using any simple-like algorithm to yield the
new GCBA family of multi-fluid flow algorithms (GCBA-SIMPLE, GCBA-SIMPLEC, GCBA-
PISO,...).

The GCBA following SIMPLEC (GCBA-SIMPLEC): Symbolic Form

Predictor:

R = H, () 1oy
u{,k)* =HP, [u(k)*] —rlﬁk)*D;k)VPP" (102)
Corrector:
(k) (k)* k) p* o_ p!
, , AU =u"’ +u”,P =P°+P,
(u(k) P p® . ) R (103)
p() zp()°+p(),r() ERES ()

AU = HP U =10 DOV, P = HP, [u® +u® = (%" + 1 DYV, (P + P') (104)
~ul =HP,[u -t DYV, P - DYV, P~V DYV, P’ (105)
Subtracting HP, [l]u 4 from both sides, one gets

i (k) (k) (k)
HPP[U —UP ]_ (k)* DP

. o Vo
(1 ~HP, [1]) (1 —HP, [1])
' _
Up™ = , D , D (106)
- VPV VP
(1 ~HP, [1]) [1 ~HP, [1])
wr - APy [U(kl “ur ) —' DYV, P -V DV, PO - DOV, P
(1 ~HP, [1])
© _ pr
p = Cp P (107)
i =-RY (_rrgk;gv Pl 4 AP[(r(k)*p(k)"u(k)' ).S 4ty ) ]J
Condition:
Q. c® (ko s 00 (o
Z{R?‘)[—P 6: > P+ A [f U COP]- A, [ (O BOVRY)S| | =
k
(108)

-2 ARY (rg“*p;k”);t(rék)p;k) " Q, + A, [ p U )+
P

k

~RESG,

(k'

A, 1 (HPU® —ul -1 BOVP)s]



A Unified Formulation of the Segregated Class of Algorithms for Multi-fluid Fluid Flow at All Speeds 30

Approximation:

Neglect: HP[u™' —u;k)'],r(k)'f)(k)VP' = uY =-r'DYV, P’ (109)
Approximate Equation:

Y Rif"[—(k) g;tc(k) Py + A, [r* U COP |- A P[r“‘)*p(k)"(r(“*f)(k)w').s]

k

o (110)
(o (k) (k) (k)
~SURY ( Pr ) ( Pr ) Q, +AP[(r(k’*p(k)°U(k)* )] —RESG,
™ ot
A Global GCBA-SIMPLEC lIteration
* Solve implicitly for the volume fraction fields.
« Solve implicitly for u®, using the old pressure, density, and volume fraction fields.
. Calculate the D" fields.
« Solve the pressure correction equation and correct u®, P, r* and p®.
* Solve implicitly the energy equations and update the density fields.
* Return to the first step and iterate until convergence.
The GCBA following PRIME (GCBA-PRIME): Symbolic Form
Predictor:
" =H,p[r'"] (111)
ug‘)* = HPP[u(k)"]—rlﬁk)*D;k)VPP" (112)
Corrector:
(k)™ ©* | &) p* o, p

, , AU =u"’ +u”,P =P°+P/,

(u(k) P p . ) A (113)
p()zp()°+p IO L0 ()

AUl = HP, [u<k>**]—r;k>**D§,k>vPP* = HP,[u®" +u® ]t + 1 DOV, (PO +P') (114)

ul =HP,[u™ —u®1+HP,[u™ - DEV, P -V DYV, P~ DIV P’
p* =CP’ (115)

(ky*
' T 5 ’ * * '
= R(k)( P SQ Pl +AP[(r“‘) ooy (0 ).S+r“‘) U p® ]]

Condition:

(K)* (k)
Ip C,

Q,
R(k)
2 P( St

k

P!+ A [ WU“‘)*C“‘)P] A [ (10" 5 ( (* DOy p! )S}

(116)

_z . ( pp” )St(rlgk)P;k)) Q, +AP[(r(k)*p(k)oU(k)*) N
P

- Afr® o™ (HP[U®” —u™°]+ HP[U® ]- ' DPVP')S

~RESG,
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Approximation:

Neglect: HP[u®" —u®°], HP[u®'],+®' D® VP’

k)’ k)* k [
= ulY =—r'DPV,P (117)
Approximate Equation:

> R;“(—r‘gk)*g"c‘(’k) P; +AP[r(k)*U(k)*CS‘)P’]—AP[r‘k)*p(k)°(r(k)*D(k)VP’).S]J =

. ot
o (118)
(k)* J(k)° (k) (k)
T, —\r * o *
~SUR® (o) (i) Q, + 4, [t p® U™ ||| - RESG,
- St
A Global GCBA-PRIME lteration
* Solve explicitly for the volume fraction fields.
« Solve explicitly for u®, using the old pressure and density fields.
« Calculate the D fields.
« Solve the pressure correction equation and correct u®, P, r* and p®.
* Solve implicitly the energy equations and update the density fields.
* Return to the first step and iterate until convergence.
The GCBA following SIMPLER (GCBA-SIMPLER): Symbolic Form
First Predictor:
i =H,[r""] (119)

Calculate the coefficients of the momentum equations.
First Corrector:

©* _ o () p* _po_ pr
, , AU =ut+u P =P+ P
(u(k)’Pr’p(k),r(k) . ) v . ’ . (120)
pR* = ke P00 L0 L0

p+p™

AU = HP U =" DOV, P = HP, U™ +u® = (" + 5 DOV, (P +P7)  (121)

ug)k)o = HP, [u(k)o]_rlgk)*D;k)vPPO (122)

ut =HP,[u® -t DV P -1 DYV, P° -V DYV, P’
p* =CP’ (123)

(k)*

5% of o Qp K)* (K)o, (k) K)*7 1Ko~ (k)
rli)z—Rg,){P&Ppi,)+AP[(r”p“u()).S+r”U”p”]J
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Condition:

(k) rlgk)* chk) 1 K)*1 1Ko (K)pr ()* J1)° (L )* (K vp!
ZRP TPP+AP[r U OCPP]—AP[I“ P (1’ D VP)'S] =

k

(k) | (k)° (k) (k) |0 (124)
(rp Py )_(rP Pp ) O +A [(r(k)*p(k)°U(k)o)]+
-2 Ry 5t PO ~RESG,
« A, [r(k)*p(k)° (H P[u(k)' ]1- r(k)'D(k)VP').S]
Approximation:
Neglect: HP[u®' 1, D®VP" =  ul¥ =—V"DPV, P’ (125)
Approximate Equation:
(k)* (k)
r, ) Q,C N . e .
Z{qu( P 5: P_pr +Ap[r(k) U(k)oC‘(Jk)P']_AP[r(k) ot (r“‘) D(k)vpf)ls J} _
k
o (126)
(k)* (k)° (k) (k)
I' - I‘ * o
_Z Rg)k) (p Pp ) (p Pp ) Q, +AP[(I'(k) p(k) U(k)o)] —RESG,
- ot
Apply correction to pressure, density, and volume fraction fields.
Second Predictor:
u;k)* = HPP[u(k)*]—rlﬁk)**D;k)VPP* (127)
Second Corrector:
o _ &' p** _ p* "
(u‘k)",P”,p(k)",r(k)" u ) =u * +Uu ",P —P +E s " (128)
p<k> :p(k) +p(k) 00—y )
U = P U |- DY, b .
=HP, [u(k)* + u(k)"]—(rlﬁk)** +r1§k)" )D;k)VP(P* +P")
ul =HP,[uY - DYV P’ - ¥ DIV, P -V DYV, P"
p(k)” — C;k)P" (130)

(k)**
" T, Q " o % " ok * "
) :—R{,“)(—P 5 2ot +AP[(r(k) p®u® ).S+r‘k) gt ]J
t
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Condition:

(07, €0 o - e
SURP| L2200 pry A [t U® C®PY]- A, [ p " (10 DPVPY)s] | =

T ot
(K old (131)
(rlgk) pi,k) )_(rlgmp;k)) O i A [(r(k)**p(k)*U(k)*)]+
- 2Ry 5t P ~RESG,
‘ Afr®”p® (HP[U® -+ DOVP") ]
Approximation:
Neglect: HP[u®'1,rf*'D®VP” =  u¥ =—"DPV,P" (132)
Approximate Equation:
(ky** (k)
T, Q.C ok * sk * ok
3 R@“(—P o P+ A [ U COPT |- A [T (0 D”‘)VP")-S]J =
k
(133)

(ky** _(k)* (k) L (k)
_Z R (rp Pp )—(rp Pp
P

P ot

)Old
Q, + A, p U™ ) |l - RESG,

Apply correction to velocity fields.
A Global GCBA-SIMPLER lteration

« Solve implicitly for r®.

« Calculate the D¥ fields.

* Solve the pressure correction equation and update the pressure, density, and volume fraction fields.
« Solve implicitly for u® using the new pressure, density, and volume fraction fields

« Solve the pressure correction equation using the new velocity fields and correct u®.

* Solve implicitly the energy equations and update the density fields.

* Return to the first step and iterate until convergence.

The GCBA following SIMPLEM (GCBA-SIMPLEM): Symbolic Form

First Predictor:

i =H,p[r'"] (134)

Calculate the coefficients of the momentum equations.
First Corrector:

®)* _ (o, (k) p* _po_ p!
, , AU =u+u P =P°+P
(u(k) P’ p® ,r(k){ ’ ’ " (135)

p(k)* — p(k)o + p(k)',r(k)** — r(k)* +r
AU = HP U =P DOV, P = HP, [u®° +u® 1 (" + 5 DOV, (P +P')  (136)

P

ule = Hp, [u(k)o]—rlﬁk)*D;k)VpPo (137)
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U = HP,[u® -t DIV P — ' DIV PO — 1 DXV P’

p* =CP’ (138)
(k)*
O LN N |
Condition:
(ky* (k)
r, ) Q. C
RO| P20 pr A [0rgecp o0 (1O pyPp) g
e B e oo v, [ o)
(1" 4007 ) _ (00 50 (139)
— AR ki )St( o) Qp + A, (U || i
P P
' A p™ (HP[U® 1=+ DO VP') ]
Approximation:
Neglect: HP[u®'], r®' D® VP’
= ul =DV, P’ (140)
Approximate Equation:
(k)* (k)
Z R;k)[rP gtc Pl +A [(k)*U‘k)"C(k)P] A [(k)* (k)° ( “‘)*D“‘)VP)S]
k
141
) ((k)*Pg()) (rlgk)P;k))Old (ky* (0 7(k) o
—Zk: R 5 Q, + A, [t p® UM )| - RESG,
Second Predictor:
U™ = HP,[u®" - 1" DW'V P’ (142)

Second Corrector: No corrector stage.
A Global GCBA-SIMPLEM Iteration

« Solve implicitly for r®.

« Calculate the D" fields based on values from the previous iteration.
* Solve the pressure correction equation.

« Correct u®, P, r®, and p®.

« Calculate new HP® and D™ fields.

* Solve implicitly for u® using the new fields.

* Solve implicitly the energy equations and update the density fields.
* Return to the first step and iterate until convergence.

The Expanded Form of the Pressure-Correction Equation

The expanded form of the pressure correction equation, applicable to all algorithms, will be presented.

) y®

For that purpose, let r and p® denote values from the previous iteration or from a previous

corrector step, then, the pressure correction equation becomes
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Z{R;m(rlgk)cg)g P!+ A [(k)U(k)C“‘)P] A [(k) (k)( WpOy( ')).S )}:

k

(143)

| e

In this form, the resemblance between this equation and the MCBA pressure correction equation is

obvious. The discretization of the above equation yields

ALP, =ALP,+ AL P, +AYPL +AJP, + AL P. + AL P, + B} (144)
where

] (145)

AT =Y RPN 4 (0c®) [-ub.o
k

, , R 00
AY =3 A +ZR“‘>(r +Z( ew) U “‘)J (146)
NB k
_ " ((k)pgk) (k)oldp;k)old) N—.
B, =-) R} 5 +erp Ut —RESG, (147)
k

(kY

Following the calculation of the pressure correction field, U(k) ,Pp ,and r(k)

are obtained using the
following equations

ug)k)' — _r(k)D(k)v (P') p(k)' — Cﬁk)P'

. ©0, | | (148)
' = R“‘)(r 5 p%k)+AP[(r“‘)p“‘)u“‘)).S+r<k>U“‘)p(k)]j

Improvement #6 A Newly Suggested GCBAC Family
The pressure correction equation was derived in the previous section by neglecting the HP[r(k),]
term. Following the SIMPLEC methodology, a better approximation could be achieved by adding and

subtracting H, [l]rlik)r from the left-hand side of equation (98), which results in neglecting a smaller

term (HP [r(k)’ ¥ ]) With this approximation, Eq. (98) becomes:

ra, W, " (H P[u® ]-r®"D®OVP’ - r“‘)'D(k)VP’).S
pP P * * '
L St PO S TN
k) _ _R® p
" = _R 149
P P ( (o p(k) ) (r(k)p(k) )Old ) O * * (149)
+ £ E7 Q, + AP[(r“‘) p U™ )]+ MO Q,

ot
Where
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~ R®
R _ P
T(-H[1)

The pressure correction equation is obtained by substituting Eq. (149) into the geometric conservation

(150)

equation. The expanded form of the resulting pressure correction equation is easily obtained from
Egs. (144) and (145) by simply substituting ﬁi,k) for Rg,k). Furthermore, depending on the
approximation made to the HP[u(k),] term, a new family of GCBA, similar to the one detailed above,

can be obtained. Since this family is obtained by using ideas similar to the ones employed in

SIMPLEC, the letter C is appended to its acronym and is denoted by the GCBAC family.

Comparing the GCBA and MCBA Formulations

Scaling GCBA to Single-Fluid Flow Simulations

Since the MCBA are derived through direct extension of the single fluid algorithms, they scale down
automatically to handle single-fluid flow simulations. On the other hand, because the GCBA
algorithms are based on geometric conservation their scaling to single-fluid flow simulations is not
obvious. Such a property is useful in the sense that coding for single and multi-fluid models would

follow the same structure. To show how multi-fluid GCBA algorithms scale down to single-fluid flow

simulations, attention is directed towards Eq. (99). For the case of one fluid flow rék) =1=Cte, thus

rlﬁk)' =0, removing r;” from that equation and setting rék)* to 1 yields:

&p;k)’ +Ap[p(k)° (HP[u‘k)']—r“‘)*D“‘)VP’—r(k"D‘k)VP').S+U“‘)*p‘k)']

ot
—_R®
0=-R; (p(k)o)_ (p(k) )om ] ) (151)
DB o oo,

Removing R(Pk) and rearranging, the pressure correction equation transforms to

Q : . , . , . ey

6—§p§,k) +A, [p(k) (HP[u(k) 1-r*'DOVP ™ D(k)VP').S +U®p® ]
(152)

. (pi)k)o )_Sgp;k) )old O A [(p(k)oU(k)* )]+ Nﬁ‘g{)QP

The expansion of the above equation is straightforward and leads to the pressure-correction equation

of a single-fluid flow.
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The Relation Between the GCBA and MCBA

While the derivations of the GCBA and MCBA are based on different paradigms, it is shown in this
section that the GCBA formulation leads to a weighted pressure correction equation that has close
similarity with the MCBA formulation to which improvement #2 has been applied.

The respective GCBA and MCBA (with improvement #2) pressure correction equations, as derived
earlier, are respectively given by:

(k) (k)
z RS‘)[%PIQ +AP[r(k)U(k)CLk)P']—Ap[r(k)P(k) (I’(k)D(k)V(P'))'S]J =

k

(153)
nphase (k) J(k) ) _ [+ (k) S (K) old
-3 R (rP Pp ) (rP Pr ) QP+AP[(r‘k’p(k)U(k))] - RESG,
o= ot
Ko~ (K)y1(K)p!
z Qk I‘}Ek)oc(k)P}: +AP ﬂ _AP 1'(]()0 p(k) (r(k)oD(k)VP').S
—8t ® P (k) (k)
K P P P
(154)
NOHNCIIRC) I RO RO ()
:_z P (pP p ) [P (pP P )] Q+A, r(k)op—kU(k)
- 5t p"

Upon comparing the two equations it is clear that the Rg,k) term plays the role of the reference density,

i.e. a weighing factor for the mass conservation equation of the respective phase. As such, the GCBA
pressure correction equation is very similar to a weighted MCBA pressure correction equation. The
weighting procedure (normalization) is done automatically based on the local strength of the inflow to

the control volume (since RY” =1/A% of the volume fraction equation) thus, as ri” >> 1" one

gets Rg) << Ri,z). This treatment yields a more robust behavior since large fluid density differences

will not mean that conservation for the lighter fluid is lost due to numerical errors.

The above equations also differ slightly in the source term, where an additional entry (RESGy) is
included in equation (143) to account for residuals of the geometric conservation equation. Hence,
the MCBA family can be viewed as a subset of the GCBA family, and could be recovered by setting

the volume fraction corrections to zero (r;” =0). As such, codes based on the GCBA can easily cater

for the MCBA and vice versa. The main advantage of the GCBA over the MCBA is in its attempt to

correct both the velocity and volume fraction fields.
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Closing Remarks

The segregated class of single-fluid flow algorithms was extended to predict multi-fluid flow at all
speeds. The formulation was done using a unified, compact, and easy to understand notation.
Depending on the constraint equation used to derive the pressure correction equation, the extended
algorithms were shown to fall under two categories that were denoted by the Mass Conservation
Based Algorithms (MCBA) and the Geometric Conservation Based Algorithms (GCBA). The
differences and similarities between the two categories were explained. In addition, several techniques

developed to promote and accelerate the convergence of these algorithms were also discussed.
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Fig. 1 Control volume.
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