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A COMPACT PROCEDURE FOR DISCRETIZATION
OF THE ANISOTROPIC DIFFUSION OPERATOR

M. Darwish and F. Moukalled
Department of Mechanical Engineering, American University of Beirut,
Beirut, Lebanon

This article presents a conservative finite-volume-based scheme for discretization of the

anisotropic diffusion operator, which is simple to implement and numerically conservative.

The procedure is an extension of a standard method used for discretization of the isotropic

diffusion operator in finite-volume methods. Consequently, the technique can be easily imple-

mented in codes originally developed to solve isotropic diffusion problems. The method is

applied in an unstructured finite-volume solver and assessed by solving the following four pro-

blems: (1) steady conduction in an anisotropic block, (2) anisotropic conduction with a

source term, (3) anisotropic conduction in a hollow block, and (4) heterogeneous anisotropic

conduction with embedded point heat sources. Calculations are performed for a wide range of

parameters using triangular/quadrilateral cells on grid systems with sizes ranging between

102 and 3� 105 control volumes, and convergence is accelerated through the use of an

algebraic multigrid method. Converged solutions are obtained for all problems and on all grid

systems used, and the results are in excellent agreement with the exact analytical solutions.

INTRODUCTION

Diffusion equations with anisotropic coefficients arise in many practical
applications. Examples include contaminant transport in anisotropic media [1],
solidification systems [2, 3], wave-front propagation in cardiac tissues [4], algorithms
for de-noising images [5], and petroleum reservoirs, to cite a few. These physical
situations are characterized by transport equations with a diffusion coefficient repre-
sented by a space-dependent full-rank tensor, which becomes diagonal if the refer-
ence system is aligned with the principal direction of anisotropy [6]. Moreover, the
numerical solution to this class of problems requires careful consideration of the
discretization procedure because it is highly dependent on the anisotropy ratio,
i.e., the ratio between the smallest and largest eigenvalues of the diffusion tensor
[7], values which can easily reach an order of 10�3. As the value of the anisotropy
ratio decreases, numerical instabilities arise, leading to error amplification that pro-
hibits convergence, a phenomenon that is denoted in the literature as mesh locking
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[8–10]. To overcome these problems, a proper discretization of the tangential
diffusion term that ensures conservation should be sought. Several finite-difference
[11–15] and finite-volume [16–21] methods have been developed for discretizing
the anisotropic part of the diffusion operator. A common feature of all these meth-
ods is their intricate discretization procedure, which complicates their implemen-
tation in general computational fluid dynamics (CFD) codes.

This article presents a conservative finite-volume-based scheme for discretizing
the diffusion operator in the presence of high anisotropy, which is simple to
implement and numerically conservative. Thus, the focus of the article is on the
numerical solution of the anisotropic steady-state diffusion equation given by

�r � Kr/ ¼ Q in X K ¼ k11 k12
k21 k22

� �
ð1Þ

where K is a 2� 2 tensor field (a 3� 3 in three dimensions) having the following char-
acteristics (based on the thermodynamic principals and Onsager’s reciprocity
relation [22]),

k11 > 0 k22 > 0 k12 ¼ k21 k11k22 � k212 > 0 ð2Þ
and Q is a source term or a forcing function.

In what follows, the standard discretization procedure for the isotropic
diffusion operator is described briefly, followed by the newly suggested procedure
for discretization of the anisotropic operator. The difference between the two discre-
tization procedures is outlined. The new technique is implemented within an unstruc-
tured finite-volume framework and assessed by presenting solutions to four test
problems over a wide range of parametric values and grid sizes.

ISOTROPIC DIFFUSION COEFFICIENT

Integrating the general diffusion equation over the control volume displayed in
Figure 1a and transforming the volume integral of the diffusion term into a surface

NOMENCLATURE

aP, aF coefficients in the discretized equation

bP source term in the discretized equation

dPF magnitude of dPF
dPF distance vector between P and F

e magnitude of e

e unit vector in the PF direction

E magnitude of E

E distance vector in the PF

direction

k isotropic diffusion coefficient

k11, . . . components of the K tensor

K diffusion tensor

n magnitude of n

n unit vector normal to the control-

volume surface

Q source term in the diffusion equation

rP orF distance vector to point P or F

S surface vector

S1, S2 point heat sources

T distance vector equals S�E

/ general scalar quantity

X cell volume

Subscripts

f refers to the interface

F refers to the F grid point

nb refers to the faces of a control volume

NB refers to the neighbors of the main

grid point

P refers to the P grid point
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integral through the use of the Gauss divergence theorem, the semidiscretized form
of Eq. (1) using the finite-volume method is given byZ

qXP

�ðKr/Þ � dS ¼
Z
XP

Q dX ð3Þ

For a polygonal surface the face integral can be written as

X
f¼nbðXPÞ

Z
f

�ðKr/Þ � dS ¼
Z
XP

Q dX ð4Þ

Using the midpoint integration rule for both the volume and surface integrals, Eq. (4)
becomes

X
f¼nbðXPÞ

ð�Kr/Þf � Sf ¼ ðQXÞP ð5Þ

for the case where the diffusivity is isotropic, K can be written as

K ¼ k
1 0
0 1

� �
ð6Þ

Figure 1. (a) Control volume; (b–c) decomposition of the surface vector into two components one aligned

with the grid and one (b) normal to the surface vector, or (c) normal to the grid distance vector, or

(d) decomposed such that the distance vector is of equal magnitude as the surface vector.
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which, when substituted into the flux term, leads to

Kr/ ¼ k
1 0
0 1

� � q/
qx

q/
qy

2
4

3
5 ¼ kr/ ð7Þ

Thus Eq. (5) becomes X
f¼nb XPð Þ

kf �r/ � Sð Þf ¼ QXð ÞP ð8Þ

The discretization of the term (r/ �S)f in the finite-volume method follows a
standard approach as outlined below.

The gradient along the direction normal to the surface is written as

r/ � n ¼ q/
qn

ð9Þ

which indicates that if the surface is not aligned with the cell centers, the gradient
cannot be expressed as a function of the nodal / values. Defining the e unit vector
along the PF direction (Figure 1b) as

e ¼ rF � rP

rF � rPk k ¼ dPF

dPF
ð10Þ

the gradient along the PF direction is given by

r/ � eð Þf¼
q/
qe

¼ /F � /P

rF � rPk k ¼ /F � /P

dPF
ð11Þ

Thus, to linearize the flux on general nonorthogonal grids, the surface vector S
is written as the sum of two vectors E and T (S¼EþT), with E directed along PF
in order to discretize it as a function of the nodal values /F and /P. Introducing E

and T (Figure 1b), the diffusion flux at f can be written as

r/ � S ¼ r/ � E|fflfflffl{zfflfflffl}
orthogonal-like
contribution

þ r/ � T|fflfflffl{zfflfflffl}
non-orthogonal-like
contribution

¼ E
q/
qe

þr/ � T ¼ E
/F � /P

dPF
þr/ � T

ð12Þ

the first term on the right-hand side represents a contribution similar to that on
orthogonal grids, i.e., involving /F and /P, while the second term on the right-hand
side is called cross-diffusion or nonorthogonal diffusion and is due to the nonortho-
gonal nature of the grid. Several options can be used in defining E (Figures 1b–1d),
which can be inferred from

r/ � T ¼ r/ � S� Eð Þ ¼
r/ � S n� cos h eð Þ minimum correction
r/ � S n� eð Þ orthogonal correction
r/ � S n� 1

cos h e
� �

overrelaxed

8<
: ð13Þ

For orthogonal meshes, n and e are collinear, so h is 0 and the cross-diffusion
term is zero. Because the cross-diffusion term cannot be written as a function of the
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nodal values /F and /P, it is added as a source term in the control-volume algebraic
equation. Substituting Eq. (12) into the semidiscretized equation yieldsX

f¼nb Pð Þ
�kr/ð Þf � Ef þ Tf

� �
¼

X
f¼nb Pð Þ

�kr/ð Þf �Ef þ
X

f¼nb Pð Þ
�kr/ð Þf �Tf

¼
X

f¼nb Pð Þ
�kf Ef

/F � /P

dPF

� �
þ

X
f¼nb Pð Þ

�kr/ð Þf �Tf ð14Þ

Upon expansion, the algebraic form obtained is

ap/p þ
X

F¼NBðPÞ
aF/F ¼ bp ð15Þ

where

aF ¼ �kf
Ef

dPF
aP ¼ �

X
F¼NB Pð Þ

aF

bP ¼ QPXP þ
X

f¼nb Pð Þ
kr/ð Þf �Tf

ð16Þ

The gradient appearing in bP is calculated using values from the previous iteration,
while Tf is a geometric quantity related to the surface vector decomposition method
used.

ANISOTROPIC DIFFUSION COEFFICIENT

In the case where the diffusivity coefficient is a symmetric tensor, the diffusion
equation becomes X

f¼nb XPð Þ
�Kr/ð Þf �Sf ¼ QXð ÞP ð17Þ

For this general case, the term (�Kr/)f �Sf cannot be written as �k(r/ �S)f. There-
fore the discretization procedure described in the previous section cannot be applied
directly. However, through some manipulations, it will be shown that the procedure
described above can be used.

In matrix form, the left-hand side of Eq. (17) can be written as

�Kr/ð Þf �Sf ¼
X

f¼nb Xið Þ
�

k11 k12

k21 k22

� �
f

q/
qx
q/
qy

" #
f

8<
:

9=
; � Sf

¼
X

f¼nb Xið Þ
�

k11
q/
qx þ k12

q/
qy

k21
q/
qx þ k22

q/
qy

" #
f

Sx

Sy

� �
f

¼
X

f¼nb Xið Þ
� q/

qx
q/
qy

h i
f

k11 k21

k12 k22

� �
f

Sx

Sy

� �
f

¼
X

f¼nb Xið Þ
� r/ð Þf � KTS

� �
f
¼

X
f¼nb Xið Þ

� r/ð Þf �S0
f ð18Þ
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Substituting Eq. (18) into Eq. (17), the new form of the diffusion equation is given asX
f¼nb XPð Þ

�r/ � S0ð Þf ¼ QXð ÞP ð19Þ

In this form it is clear that the discretization procedure described above becomes
applicable by simply setting k to 1 and replacing S with S0 ¼KTS (KT is the transpose
of K). Therefore the codes originally developed for solving isotropic diffusion pro-
blems can be extended easily to handle anisotropic diffusion. Furthermore, extension
to three-dimensional situations is straightforward.

RESULTS AND DISCUSSION

The performance of the newly developed discretization procedure is assessed in
this section by presenting solutions to four anisotropic diffusion test problems on
unstructured grids. The results are generated using triangular=quadrilateral control
volumes on grid systems with mesh sizes ranging between 102 and 3� 105 control
volumes generated using a Delaunay triangulation mesher. Moreover, for all compu-
tations performed in this study, the algebraic systems of equations are solved using
an algebraic multigrid technique [23] with an ILU(0) solver [24, 25] as a smoother
and are underrelaxed using an underrelaxation factor value 0.9. The same initial
guess was used for all grid sizes, and the computations were stopped when the
maximum residual, defined as

RESð Þ/¼ max
N

i¼1

a/
P
/Pþ

P
F¼NB Pð Þ a

/
F
/F�b/

P

��� ���
a/
P
/scale

where

/scale ¼ max /P;max � /P;min;/P;max

� �
/P;max ¼ max

N

i¼1
/Pð Þ /P;min ¼ min

N

i¼1
/Pð Þ

8>>>>><
>>>>>:

ð20Þ

became smaller than the vanishing quantity e, which was set at 10�5.

Test 1: Steady Conduction in an Anisotropic Block

The physical situation, which represents a square cavity with a side of 1m, is
depicted in Figure 2. The orthotropic material used has a nonzero conductivity in
the n direction (knn 6¼ 0) and a zero conductivity in the g direction (kgg¼ 0). The
solution is one-dimensional in the n direction (Figure 2) but fully two-dimensional
in the (x, y) Cartesian coordinate system. If n is at an angle h to the horizontal x axis,
then the rotation matrix for a transformation from the (x, y) to the (g, n) coordinate
system is given by

R hð Þ ¼ cos h sin h
�sin h cos h

� �
ð21Þ
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and the transformation of the diffusion tensor can be written as

Kðg;nÞ ¼ RðhÞKðx;yÞR
T ðhÞ ) Kðx;yÞ ¼ RTðhÞKðg;nÞRðhÞ ð22Þ

or, after manipulation, as

kxx kxy
kyx kyy

� �
¼ kgg cos

2 hþ knn sin
2 h cos h sin h kgg � knn

� �
cos h sin h kgg � knn

� �
kgg sin

2 hþ knn cos
2 h

" #
ð23Þ

The problem is solved for kgg¼ 0, knn¼ 1, and h¼ p=6 [10]. For the selected para-
metric values, the diffusion tensor is simplified to

kxx kxy
kyx kyy

� �
¼ 1=4 �

ffiffiffi
3

p
=4

�
ffiffiffi
3

p
=4 3=4

� �
ð24Þ

Defining the angle a as the complementary of the angle h (a¼ p=2� h), the
exact analytical solution for the problem [10] is given by

/ ¼

x yþ x tan a< 0

1�y
1�yþ 1�xð Þ tan a

h i
� 1þ 1�xð Þ tan a

1�y x� 1�y
tan a


 �2� �
yþ x tan a� tan a > 0

xþ y
tan a þ y x� 1�y

tan a


 �2
� xþ y

tan a

� �� �
elsewhere

8>>>>>>>>><
>>>>>>>>>:

ð25Þ

Figure 2. Physical domain for steady conduction in an anisotropic block problem.
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The results for the problem are presented in Figures 3 and 4. Figure 3 compares
the exact solution with numerical solutions generated using grid networks with
values of 102 (Figure 3a), 103 (Figure 3b), 104 (Figure 3c), 3� 104 (Figure 3d),
5� 104 (Figure 3e), 105 (Figure 3f), 2� 105 (Figure 3g), and 3� 105 (Figure 3h) con-
trol volumes. As depicted, the numerical solution is very close to the exact solution
even for the coarsest grid presented (Figure 3a) and improves further as the grid den-
sity increases (Figures 3b–3d), falling on top of the exact solution on the densest grids

Figure 3. Comparison of the exact solution for steady conduction in an anisotropic block problem with

numerical solutions generated using (a) 102, (b) 103, (c) 104, (d) 3� 104, (e) 5� 104, (f) 105, (g) 2� 105,

and (h) 3� 105 control volumes.
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used (Figures 3e–3h). This is a clear demonstration of the correctness of the newly
suggested discretization approach.

The convergence history plots, showing the decrease in the maximum residual
with the iteration number for solutions obtained on the various grid systems, are

Figure 4. (a) Residual history plots on the various grids for the steady conduction in an anisotropic

block problem, and (b) variation of the maximum solution error with grid size for steady conduction in

an anisotropic block problem.
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displayed in Figure 4a. As shown, the number of iterations required for convergence to
be reached is independent of the grid size, which is a characteristic of multigrid meth-
ods and an indication of the correct implementation of the algebraic multigrid solver.

The improvement in solution accuracy with grid refinement can be inferred
from Figure 4b, which displays the variation of the maximum solution error with
the mesh size D, defined as

Maximum error ¼ max
N

i¼1
/exact � /numericalj j

D ¼
ffiffiffi
A
N

q
8><
>: ð26Þ

where A is the area of the computational domain and N is the number of control
volumes. As shown, the maximum error decreases almost linearly with a decrease
in the mesh size. From Figure 3, it is obvious that this maximum error is located near
the sharp discontinuity in slope.

Test 2: Anisotropic Conduction with a Source Term

The physical situation is depicted in Figure 5. The problem is chosen to evalu-
ate the performance of the discretization procedure to the locking issue [26]. The
governing conservation equation is written as

r � ðKr/Þ ¼ Q 0 < x < 0:5 and 0 < y < 0:5 ð27Þ

Figure 5. Physical domain for the anisotropic conduction with a source term problem.
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where

K ¼ y2 þ ex2 � 1� eð Þxy
� 1� eð Þxy x2 þ ey2

� �
ð28Þ

The dirichlet boundary condition, used at all boundaries, and the source term Q are
given by

/boundary ¼ sin pxð Þ sin pyð Þ
Q¼� sin pxð Þ sin pyð Þ 1þ eð Þp2 x2 þ y2

� �� 

� cos pxð Þ sin pyð Þ 1� 3eð Þpx½ �

� sin pxð Þ sin pyð Þ 1þ 3eð Þpx½ � � cos pxð Þ sin pyð Þ 2p2 1� eð Þpx
� 


xy

ð29Þ

The parameter e is assigned the values of 10�1, 10�3, 10�5, and 10�7. For each value,
solutions are generated on the various grid sizes used. The anisotropic ratio for these
cases varies between 10�1 and 10�7. The exact analytical solution to this problem is
independent of e and is given by

/ ¼ sinðpxÞ sinðpyÞ ð30Þ

Comparisons of the numerical solution with the exact solution are presented
in the form of /-contour plots in Figures 6 and 7. The effect of grid refinement on
the solution accuracy is shown in Figure 6, where numerical results generated on
the various grid systems are compared with the analytical solution for e¼ 10�7.
For this value of e, the anisotropic ratio reaches a value as low as 10�7. As
in the previous test problem, results displayed in Figures 6a–6h show that the
numerical solutions are very close to the exact solutions even on the coarsest mesh
(Figure 6a), improve further with grid refinement (Figure 6b), and fall on top
of the exact solutions for grid with sizes greater than 103 control volumes
(Figures 6c–6h).

The numerical results presented in Figures 7a–7d are generated using a grid
with a size of 104 control volumes but for different values of e (the values of e in
Figures 7a, 7b, 7c, and 7d are 10�1, 10�3, 10�5, and 10�7, respectively). Even for this
relatively coarse grid and for all values of e, it is difficult to notice any difference
between the numerical and exact solutions when both solutions are placed on top
of each other to confirm, again, the correctness of the newly suggested discretization
procedure.

The convergence history plots for all computed cases are displayed in Figure 8.
In Figures 8a–8d convergence paths are presented for all grid sizes used at a given
value of e (the values of e in Figures 8a, 8b, 8c, and 8d are 10�1, 10�3, 10�5, and
10�7, respectively). The required number of iterations for convergence to be reached
is seen to be independent of the grid size for meshes greater than 103 control
volumes, and independent of e for e greater than 10�1. In all cases the convergence
rate is reasonable, indicating the effectiveness of the discretization process.

The improvement in solution accuracy with grid refinement can be inferred
from Figure 9, which displays the variation of the maximum solution error with
the mesh size D, as defined in Eq. (26), for different values of e. As shown, the highest
accuracy is obtained for e¼ 10�1. For e> 10�1 the accuracy is nearly the same, with
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the maximum error for e¼ 10�3 being marginally less than the maximum errors for
e¼ 10�5 and 10�7. Also noted is the fact that the maximum error decreases almost
linearly with a decrease in the mesh size until a value is reached below which the
maximum error starts to slightly increase. This is attributed to the linear interp-
olation of the gradient, which may give rise to some unboundedness as will be
described in the next problem.

For all results presented so far, uniform or nearly uniform grid systems were
used. To check the performance of the newly developed scheme on a nonuniform

Figure 6. Comparison of the exact solution for the anisotropic conduction with a source term problem

with numerical solutions generated for e¼ 10�7 using (a) 102, (b) 103, (c) 104, (d) 3� 104, (e) 5� 104,

(f) 105, (g) 2� 105, and (h) 3� 105 control volumes.
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grid, the problem is solved using nonuniform quadrilateral and triangular grid
systems of size 7� 103 and 9� 103 control volumes, respectively, and results are pre-
sented in Figure 10. Figures 10a and 10c display the nonuniform grid systems with
quadrilateral and triangular elements, respectively, while Figures 10b and 10d show a
comparison of the numerical solutions generated with the exact solution for the
problem. As depicted, solutions generated are on top of the exact solution, verifying
the capability of the new scheme to deal with anisotropic diffusion on general
nonuniform grid systems.

Test 3: Anisotropic Conduction in a Hollow Block

The computational domain for the third test is shown in Figure 11. It repre-
sents a square with a side of 1m with a square opening in the central portion with

Figure 7. Comparison of the exact solution for the anisotropic conduction with a source term problem

with numerical solutions generated using a grid size of 104 control volumes and for e with a value of

(a) 10�1, (b) 10�3, (c) 10�5, and (d) 10�7.

DISCRETIZATION OF THE ANISOTROPIC DIFFUSION OPERATOR 351



a side size of 1=15m. The problem was studied in [27, 28] to assess the boundedness
of the discretization procedure. The anisotropic conductivity matrix K is obtained by
rotating the diagonal matrix through an angle h¼�p=3 and is given by

K ¼
3
4 eþ 1

4

ffiffi
3

p

4 e� 1ð Þffiffi
3

p

4 e� 1ð Þ 1
4 e

" #
ð31Þ

Two anisotropic diffusivity ratios, 1=e ¼1=25 and 1=100, are used. A dirichlet
condition of /¼ 0 is enforced on the outer boundaries, and /¼ 2 on the inner
boundaries (Figure 11). Due to the unavailability of an exact analytical solution
for the problem, the numerical solution obtained on the densest grid (3� 105 control
volumes) is used as the exact solution with which other numerical solutions are
compared.

Figure 8. Residual history plots on the various grids for the anisotropic conduction with a source term

problem for e with a value of (a) 10�1, (b) 10�3, (c) 10�5, and (d) 10�7.
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The results for the problem are presented in Figures 12–14. Figures 12 and 13
compare the exact solution with numerical solutions generated using grid networks
with sizes of 102 (Figures 12a and 13a), 103 (Figures 12b and 13b), 104 (Figures 12c
and 13c), 5� 104 (Figures 12d and 13d), 105 (Figures 12e and 13e), and 2� 105

(Figures 12f and 13f) control volumes. Figure 12 presents results for an anisotropic
diffusivity ratio of 1=25, while Figure 13 displays similar results for an anisotropic
diffusivity ratio with a value of 1=100. The numerical solutions are seen to be close
to the exact solution even on the coarsest grid presented (Figures 12a and 13a) and
improves further as the grid density increases.

The convergence history plots showing the decrease in the maximum residual
with the iteration number for solutions obtained on the various grid systems are
displayed in Figure 14a for an anisotropic diffusivity ratio of 1=25 and in
Figure 14b for a ratio of 1=100. The required number of iterations is higher
than in the previous two problems and increases with increase to the anisotropic
diffusivity ratio. Even in these situations, convergence was obtained on all grid
sizes.

In the absence of any source term, the solution is bounded by the minimum
and maximum values at the boundaries. Therefore, the solution should be between
0 and 2. The numerical solutions obtained are found to be bounded from above by 2.
On the other hand, values below 0 are obtained on all grid systems, and the
maximum unboundedness is presented in Table 1 as a function of the mesh size D

Figure 9. Variation of the maximum solution error with grid size for the anisotropic conduction with a

source term problem.

DISCRETIZATION OF THE ANISOTROPIC DIFFUSION OPERATOR 353



[Eq. (26)] for both anisotropic ratios (e¼ 1=25 and e¼ 1=100). Except on the coarsest
grid (102 cells), the unboundedness is of the order of 10�5, which is close to zero. This
unboundedness is a characteristic of linear diffusion formulations, has been reported
by many researchers (e.g., [28, 29]), and is the result of violating the discrete
maximum principle, which is the discrete analog of the maximum principle. In a
recent article, Liska and Shashkov [28] reported on a method that preserves the
solution boundedness by enforcing the discrete maximum principle using nonlinear
gradient interpolation. Because the intention here is to present a compact discretiza-
tion procedure for anisotropic diffusion, addressing this issue is beyond the scope of
the current work and will be addressed in future research.

Figure 10. Comparison of the exact solution for the anisotropic conduction with a source term problem

with numerical solutions generated using a nonuniform rectangular grid with a size of 7� 103 control

volumes (a, b), and a nonuniform triangular grid with a size of 9� 103 control volumes (c, d), for e¼ 10�7.
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Figure 11. Physical domain for the anisotropic conduction in a hollow block problem.

Figure 12. Comparison of the densest grid solution (3� 105 cells) for the anisotropic conduction in a

hollow block problem with numerical solutions for an anisotropic diffusivity ratio of 1=25 generated using

a grid size of (a) 102, (b) 103, (c) 104, (d) 5� 104, (e) 105, and (f) 2� 105 cells.
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Test 4: Heterogeneous Anisotropic Conduction with Embedded
Point Heat Sources

The computational domain for the fourth test is shown in Figure 15a. It repre-
sents a square block with a side of 10m within which a core column of dissimilar
material and of circular cross section (4m in diameter) is embedded [30]. The
problem is solved for the case when the lower and upper horizontal walls of the
square block are maintained at 273 and 373K, respectively, while the vertical walls
are insulated. In addition, five discrete point heat sources of different strength
(S1¼ 2,000 w and S2¼ 1,000 w) are distributed over the domain as shown in Figure
15a. The thermal diffusion coefficient tensors of the square block (Kb) and core
column (Kc) are given by

Kb ¼
7:7 �2:0785

�2:0785 10:1

� �
Kc ¼

24:15 1:05
1:05 24:15

� �
ð32Þ

The grid used in solving the problem is depicted in Figure 15b and is composed
of around 104 control volumes. The ability of the proposed scheme to handle hetero-
geneous anisotropic situations is demonstrated in this problem by comparing

Figure 13. Comparison of the densest grid solution (3� 105 cells) for the anisotropic conduction in a

hollow block problem with numerical solutions for an anisotropic diffusivity ratio of 1=100 generated

using a grid size of (a) 102, (b) 103, (c) 104, (d) 5� 104, (e) 105, and (f) 2� 105 cells.
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generated results with similar ones obtained using commercial software, and results
are displayed in Figures 15c and 15d. Figure 15c compares the computed tempera-
tures along the left and right insulated walls of the square block, while Figure 15d
compares temperature values around the circumference of the core column (i.e.,
the interface between the two dissimilar materials). As shown, profiles generated
using the suggested scheme and those obtained using the commercial code are in
excellent agreement and fall almost on top of each other, confirming once more
the correctness of the developed scheme.

Figure 14. Residual history plots on the various grids for the anisotropic conduction in a hollow block

problem for an anisotropic diffusivity ratio of (a) 1=25, and (b) 1=100.
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Table 1. Maximum unboundedness in the solution of the anisotropic conduction in a hollow block

problem

D

e 9.97e-2 3.15e-2 9.97e-3 5.76e-3 4.46e-3 3.15e-3 2.23e-3 1.82e-3

1=25 �0.055 �1.7e-5 �1.5e-5 �2.4e-5 �1e-6 �5.7e-5 �7.9e-5 �8.9e-5

1=100 �0.217 �6.3e-3 �1.1e-5 �3.2e-5 �2.3e-5 �3.5e-5 �5e-5 �8e-5

Figure 15. Physical domain (a) and grid system used (b); comparison of temperature variation along

insulated left and right walls (c) and along the circumference of the core material (d) generated using

the new discretization method and a commercial software for the anisotropic conduction in a square block

with a core column problem.
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CLOSING REMARKS

A conservative finite-volume-based scheme for the discretization of the
anisotropic diffusion operator was presented. The procedure, which was shown to
be an extension of a standard method used for discretization of the isotropic
diffusion operator, is easy to implement in codes originally developed to solve
isotropic diffusion problems. The method was implemented in an unstructured
finite-volume solver and was assessed by solving four test problems over a wide
range of parameters using triangular and quadrilateral cells on grid systems with
mesh sizes ranging between 102 and 3� 105 control volumes. The results computed
were found to be in excellent agreement with available analytical solutions or
available numerical predictions.
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