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This article reports on the formulation and testing of a coupled pressure-based algorithm
for the solution of steady incompressible disperse two-phase-flow problems. The method
is formulated within a Eulerian-Eulerian framework in the context of a collocated finite-
volume scheme. An equation for pressure is derived firom overall mass conservation
Sfollowing the segregated mass conservation—based algorithm (M CBA) approach and using
an extended two-phase flow form of the Rhie-Chow interpolation technique. The newly
developed pressure-based coupled solver differs firom pressure-based segregated solvers in
that it accounts implicitly for the pressure—velocity and the interphase drag couplings that
are present in disperse multiphase flows to yield a system of coupled equations linking
the velocity and pressure fields. The performance and accuracy of the coupled multiphase
algorithm are assessed by solving eight one-dimensional two-phase flow problems spanning
the spectrum firom dilute bubbly to dense gas—solid flows. Each problem is solved over three
grid systems with sizes of 10,000, 30,000, and 50,000 control volumes, respectively. Results
are compared in terms of iterations and CPU time with similar ones generated using the
segregated MCBA-SIMPLE algorithm. The newly developed coupled solver is shown to
yield substantial decrease in the required number of iterations and CPU time, with the rate
of solution acceleration varying between 1.3 and 4.6.

INTRODUCTION

The pressure-based approach for solving fluid flow problems has been at the
heart of research interest in computational fluid dynamics (CFD) since the develop-
ment of the Semi-Implicit Method for Pressure Linked Equations (SIMPLE) by the
research group at Imperial College [1]. The SIMPLE approach has been preferred
by the CFD community due to the simplicity of its implementation and low memory
requirement. These facts boosted developments following the segregated approach
and resulted in a family of SIMPLE-like algorithms, which were proven by the authors
[2, 3] to share similar behaviors. The iterative nature of these algorithms rendered
them very dependent on the grid density and the value of the underrelaxation factor
used. In general, the denser the mesh, the more iterations are needed to reach conver-
gence. In addition, high underrelaxation is usually required to promote convergence.
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NOMENCLATURE
aﬂ “ ... coefficients in the discretized Vv cell volume
. equations o volume fraction
b;t; source term in the discretized r diffusion coefficient in general
equations equation
B source term in the momentum n dynamic viscosity
equation v kinematic viscosity
Cp drag coefficient p fluid density
dpr vector joining the grid points P and F ¢ general variable
D operator used in the pressure
equation Subscripts
E component of the surface vector in f refers to control-volume face
the direction of dpp F refers to the F grid point
F neighbor of the P grid point inlet refers to conditions at inlet
g gravitational acceleration nb refers to values at the faces obtained
gk’" interfluid drag term coefficient by interpolation between P and its
I interphase source term neighbors
iy mass flow rate at control-volume facef NB refers to the neighbors of the P grid
M* rate at which mass is gained/lost by point
phase k P refers to main grid point
p pressure slip refers to slip velocity
P main grid point
o general source term Superscripts
7 geometric interpolation factor ¢ refers to continuous phase
RES residuals d refers to disperse phase
S surface vector k refers to phase k
T component of the surface vector P refers to pressure
normal to S u refers to the u-velocity component
u v velocity components in the x and y v refers to the v-velocity component
directions, respectively o) refers to general variable
v velocity vector - refers to an interpolated value

Efforts to devise velocity—pressure algorithms that are more robust and efficient
have resulted in a better understanding of the numerical issues affecting their
performance, such as the choice of primitive variables (density-based [4] versus
pressure-based [2, 5]), the type of variable arrangement (staggered grid [6] versus col-
located grid [7]), and the chosen solution approach (coupled [8] versus segregated [6]),
to cite a few. These issues and their effects are now much better understood by the
research community. This acquired knowledge has led to a renewed interest in press-
ure—velocity coupled solvers [9-11], partly because of the tremendous increase in com-
puter memory and partly due to the convergence problems experienced by segregated
solvers when used in large computational domains [12]. Even though the last problem
has been addressed successfully through parallel processing and domain decompo-
sition, the convergence issue has not itself been resolved. It is worthwhile in this
respect to point out that density-based Euler solvers have been using the coupled
approach quite successfully.

While early attempts to develop coupled solvers were unsuccessful due to the
huge memory requirements at the time, such algorithms proved to be competitive
with the segregated formulation [13-16]. Recently, the authors reported, in two
separate articles [10, 11], on a coupled solver capable of accelerating the solution
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of single-phase-flow problems by an order of magnitude as compared to the
segregated solver. The method was nearly grid- and underrelaxation-independent.

For multiphase flow problems the complexity is further magnified by coupling
of the pressure field to several velocity fields [17-23] and from the interfluid
drag terms coupling the velocity fields together. In addition, the increased number
of coupled equations adds to the intricacy of the problem. This dual layer of nonli-
nearity has resulted in large computational time needed to solve even small-scale
multiphase flow problems.

In this article, the single-phase coupled solver, previously developed by the
authors [10, 11], is extended to multiphase flows. The phasic momentum equations
and the global pressure equation are grouped into a single matrix that is solved
implicitly for all dependent variables simultaneously. The pressure—velocity coupling
is formulated within a collocated grid system following the mass conservation—based
algorithm (MCBA) developed in [17].

In what follows, the governing equations for multiphase flow are introduced
and their discretization outlined. The coupled algorithm is then presented and its
performance compared to the segregated multiphase-flow finite-volume solver
[22, 23] in terms of number of iterations and computation time to convergence, by
solving eight one-dimensional two-phase-flow problems.

GOVERNING EQUATIONS

The equations governing steady, incompressible, multiphase flows are the
phasic mass conservation equations, the phasic momentum equations, the global
continuity equation, and the geometric conservation equation given, respectively, as

V- (pkolvh) = o i1k (1)

V - (pFofvivE) = v - (F ok WvE) 4 of (B — Vp) + ng’”(v’” —vh) (2)
m#k

Z (pFokvk) = ZakMk =0 (3)
3
Z of =1 (4)
3

In these equations, k represents a phase whose density, velocity, dynamic viscosity,
volume fraction, and body force are denoted by pX, v&, u¥, of, and B, respectively.
Moreover, p is the common pressure field, g the interfluid drag term coefficient,
and M* the mass source rate.

Generally, the dependent variables in any multiphase flow problem are the velo-
city, volume fraction, and pressure fields. The above equations have to be arranged in
a way to solve for these variables. In this work, the mass conservation—based algor-
ithm (MCBA) [17, 18] is used to solve the resulting system of equations. If the number
of available phases is &V, (N — 1) volume fraction fields are found using (N — 1) phasic
mass conservation equations, and the last volume fraction field is found by applying
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the geometric conservation law. The N velocity field vectors are found by solving the N
available momentum equations. The remaining volume-fraction equation can be used
to calculate the pressure field. Instead, the global conservation equation [Eq. (3)] (i.e.,
the sum of the individual mass conservation equations) is employed to derive a
pressure-correction equation via an extended two-phase-flow version of the Rhie-
Chow interpolation technique [7]. The sequence of events in the MCBA is as follows:

Solve the phasic momentum equations for velocities.

Solve the pressure-correction equation based on global mass conservation.
Correct velocities and pressure.

Solve the phasic mass conservation equations for volume fractions.
Return to the first step and repeat until convergence.

SAEaE ol N

FINITE-VOLUME DISCRETIZATION

Any of the conservation equations presented above can be represented via the
following general generic equation:

V- (o pfvEet) =V - (cxkl"d’ka)k) 1 okt (5)

in which the meanings of ¢, F¢k, and Qd’k differ depending on the modeled
equation. In the finite-volume method, the domain is discretized by dividing it into
a number of control volumes each associated with a main grid point placed at its
centroid. The discretization of the governing conservation equations is accomplished
by integrating the general transport equation over the control volume shown in
Figure 1 to yield

/V/v. (o pFvE ) dV/V/V~ (ukr¢"v¢’<) dV+/V/u’<Q¢" v (6)

Figure 1. A schematic of control volume P, its neighbor control volume F, and related geometric
quantities.
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Then, using the divergence theorem, the volume integral of the flux terms in Eq. (6)
are transformed into surface integrals as

/ (o pAvEQr) - dS = / (ukr¢kv¢’<)-ds+ / / ok 0 dv (7)
14

or o

The semidiscrete form is obtained by replacing the surface integrals of the fluxes
by discrete summations over the faces of the control volume, and the volume integral
by the product of the integrand at the cell centroid and the cell volume. Upon
substitution into Eq. (7), the semidiscrete form of the equation is obtained as

' k
S (AoVok o T Vel) s = ool v ®)
f=nb(P) !

Using appropriate interpolation schemes, the above semidiscretized equation is
transformed to a fully discrete algebraic equation of the form

k k k
a oh+ > ab ¢f =b3 9)

F=NB(P)

In this work, the convection terms are approximated using the first-order upwind
scheme, while the diffusion terms are calculated via a second-order central difference
scheme.

THE DISCRETIZED EQUATIONS FOR THE COUPLED ALGORITHM

Regardless of the solution procedure followed, segregated or coupled, the
adopted solution method roughly proceeds in the following two steps:

1. Update the velocity and pressure fields using volume-fraction fields from the
previous iteration.
2. Use the updated mass flow rate field to find the new volume-fraction fields.

In a segregated solver such as SIMPLE (which is the segregated algorithm used
in this work for comparison), the continuity and momentum equations are decoupled.
The momentum equations are used to find the velocity fields assuming known
pressure field, and then the continuity equation is solved for the pressure field using
the last updated values of velocity. Note that the momentum equations are themselves
decoupled from each other in SIMPLE by solving each phasic momentum equation
independently for the corresponding phase.

In the coupled algorithm, however, both the velocity and the pressure fields
are the main variables in the whole set of equations. The momentum equations
are solved together with the pressure equation simultancously and for all phases.

The solution procedure of a multiphase problem using the developed coupled
algorithm can be summarized as

1. Start with the most updated values of velocity, pressure, and volume-fraction
fields for each phase.
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2. Simultaneously solve the system of momentum and pressure equations to update
the velocity and pressure fields for all the phases.

3. Update the mass flow rate of each phase at the faces using the Rhie-Chow
approximation.

4. Solve the phasic mass conservation equations and update the volume-fraction
fields.

5. Repeat until convergence.

The detailed discretization for solving single-phase-flow problems using the
coupled algorithm was reported in [10, 11]. In this article, the differences between
the single and multiphase problems are pointed out. Further, the current formu-
lation does not couple the phasic mass conservation equations (volume-fraction
equations) to the velocity and pressure fields. The tight coupling of all equations
together is expected to further enhance convergence and reduce computation
time. However, this necessitates deriving a pressure equation following the
geometric conservation—based algorithm (GCBA) [17], which will be considered
in future works.

DISCRETIZATION OF THE MOMENTUM EQUATIONS

Starting with the momentum equation [Eq. (2)], there are two main differences
between the multiphase and single-phase cases. First, all the terms in the momentum
equation are now multiplied by the phasic volume fraction. Second, an interphase
drag term appears in the equation. Integrating this term over a control volume
assuming that the velocity of the fluid prevails over the control volume, its discretized
form is found as

/ / S =) av =vp Y (Ve —vE) (10)

m#k m#k

Whereas in a segregated formulation this term is split into two parts with the part
containing v& moved to the left-hand side and treated implicitly, in the coupled
formulation the whole term is added to the coefficients on the left-hand side, as all
the fields are treated implicitly. Performing this step, the final forms of the «*- and
v“-momentum equations can be written as

a5l + at vP+a Ppp + Z s

F=NB( P)
Kk m
FY athe Y z
NB=NB( ) NB=NB(P) mtk (11)
W k
aP uP—i—aP vP+apPP+ Z Up
F=NB(P)

+ Z F+ Z aF pF+Z ykym m
NB=NB(P)

m#k
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The coefficients appearing in Eq. (11) are given by

Wik VK -k k * k * k Sf - Sf km
apt =apt = ) Hmw 0”(“./‘) + > [(“f) ”f's--dPJ +2_ &7V (120)
f=nb(P) f=nb(P) g mzk

il _H_ gk OH( k>*_< k)* k Sf ) Sf S kim 17 12h
ap- =dag my, Ol { 9 W)W Ty ap” =g"Vp (12b)
u* * ¢ uk * ¢
ap’ = (oz}‘) rS; dp’ = (a}‘) (1—r)S; (12¢)
/<o)

ayp = (a})*rs;’ ayp = (oz/’f-) (1-1)S} (12d)
S =nb(P)

by = (o) Wi 1] + (o) B Ve (12¢)

ocj’f) TS Tf} + (o) B Vi (12f)

As mentioned above, the coefficients in Eq. (12) are obtained using a first-order
upwind formulation of the convection terms. This choice does not present any limi-
tation for the new solver. The use of higher-order schemes amounts to an additional
source term in the algebraic equation when implemented using the deferred correction
procedure of Rubin and Khosla [24]. The effect of this additional source term on the
solution acceleration of the coupled solver for incompressible single-phase flows was
studied by Moukalled et al. in [25]. An increase in computation cost was reported.
Nonetheless, the computation time of the segregated solution also increases with
the use of high-resolution schemes, and the relative performance of the coupled
algorithm remains more or less unaffected. Similar increase in computation cost is
also expected with multiphase flows. However, this will not be discussed here and will
form the subject of a future article.

THE TWO-PHASE RHIE-CHOW INTERPOLATION

The Rhie-Chow interpolation procedure [7] for the calculation of the velocity
components at a control-volume face enables the formulation of the single-phase
SIMPLE algorithm on collocated grids. A multifluid version of this procedure is
required for multiphase flows. In either case, the purpose is to construct a pseudo-
momentum equation for the interface velocity vector at the control-volume face
from the momentum equations at the control volumes straddling the interface.

For single-fluid flows, the computation of the Rhie-Chow coefficient is rela-
tively simple [7, 11, 26]. The derivation starts by writing the x-momentum equation
for an element P as

0
dhup=— > dypunp — Ve (a—p) + b (13)
NP=NB(P) X/ p
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and for a neighboring element F to P as
0
dhup =~ > dipune — Vi (ai) + b (14)
NF=NB(F) F
The velocity at the interface f between P and F should satisfy
_u ~ . _o.(% T

while the interpolated velocity to the common face f obtained from the two
equations (13) and (14) is given by

e~ o (P |
afuy = — Z a‘u, — Vy <6x) + by (16)
n=nb(f) f

Combining Egs. (15) and (16), the Rhie-Chow interpolation is obtained as

_ - op op
where
W _Vr
f u
ay
and the average value is given by
_ V.
Oy =rp0dp+re0r 1p l rF=1—rp (19)

:Vp+VF

where f denotes the face common to elements P and F, r is the geometric
interpolation factor, a% and a. are the main coefficients of the P and F grid points
of the u-momentum equation, and ¥V is the element volume.

For a two-phase flow simulation with interphase drag, the x-momentum
equations for the velocities #* and «” of the two fluids at element P can be written as

ukuk u/cum - Kk

roA | R O | M (AR

ap* ap Up NPENB(P) 0 ayp | Lunp op | \Ox/ p by
(20)

A similar equation can be written for the element F, which is a neighbor of P and is
given by

k e, m ko k
alu:k” a;‘ , |: ul;‘ :| - |:a]uv;;l‘ O :| |: ul]CVF :| |: a];;‘ :| (ap> V " b];‘
uyk Wy m - Z " m - m A F i
ap”  dp Uk vesm L O ave L Ldr % J\OX/ by

(21)
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At the control-volume face f, velocity equations similar to the ones given by Eqgs. (20)

and (21), with the pressure gradient linked to the local neighboring pressure values,
will have the form

Tl b 1ok o X TR
ap " a}’ “y it O iy O‘f ox), 10

Since with a collocated grid the coefficients cannot be computed directly, they
are approximated by interpolation from the coefficients of the neighboring nodes.
Adopting a linear interpolation profile, the coefficients at the common face f are
obtained from Egs. (20) and (21) as

af* a T > a0 |
a}l.muk a}lm um a}‘)‘l n:nb<f> O a’ulmunz Z,[Z/’
k Trk 1
o F) b
[,
ozf ox

bm
Combining Egs. (22) and (23), the following relations is obtained:

ukuk ukym i Kk ukym —k
Wk W m [ Wk W 7im
A B ap 't ap LY

which can be simplified to

-\ 1
& k s kg SRl
S I e af ay oty Vi ap ap (25)
uy' uy’ a 't af o ox), \ox/,
In a more compact form, Eq. (25) gives the Rhie-Chow interpolation relation as

[ﬂ - [Q -D <2fc> (2@ ] (26)

ke "l m gk um
o.a, —o.da, —
v S .
(a”k Wk g a”k ' Wk Vf
D; — ;7 S S —

o az{k k_ ok 0"”1"k _
/T Ay Ve
a"k Wk al,m"m a Lk m aum Wk f
A

where now

(27)
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A similar equation can be obtained in the y direction and is given by
< u;‘af‘m o u}”a Ve > V
vk iy Vkym " K /

D = by Ty Yy

A o av/ vk ok vk _
A v V.
al,k vk a‘m wn ki a‘m Wk f
S S

/

(28)

Combining the above two equations, the two-phase flow form of the Rhie-Chow
interpolation is obtained as

A [ 0[(),-6)
uf uf B D}l 0 Oox 7 Ox 7 (29)
vf T/f‘ 0 D}k (51) <6p>
—— N~ oy f y f
vk vk vk S—
! ! Dy Vpr=Vps
or in a compact form, suitable for deriving the pressure equation, as
vi =vf - D (Vpr = Viy) (30)
Ve = r \VPr pr
In the limit of no interphase drag the following holds:
aukum _ aumuk _ 0 (31 )
vk
Thus, the single-phase formulation is recovered with D} given by
7 _
k ek % 0
D, = |° sl =17 ,| =D (32)
S 0 = 0 L S
C{;’k“/( Y f

In disperse-flow problems, where the momentum coefficients are more important, the
simplified (single-phase) Rhie-Chow relation can be used.

DISCRETIZATION OF THE PRESSURE EQUATION

The pressure equation is derived from the global mass conservation equation,
which is the sum of all phasic mass conservation equations. Therefore the coefficients
of the pressure equation represent the sum, over all available phases, of the
coefficients that would arise if each phase was alone. The overall mass conservation
equation is given by

Z V- (pFofvE) = (33)

Integrating Eq. (33) over the control volume shown in Figure 1, it is transformed to

//ZV (pFofvE) av =0 (34)
1% k
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Using the divergence theorem and invoking the Rhie-Chow interpolation, the
semidiscrete form is obtained as

>3 [Pl - oD (v - ¥)] S =0 (39)
ko f

Decomposing the surface vector S, (Figure 1) into a vector Ein the direction of the
line joining the P and F grid points and a vector T, perpendicular to S, then

Sy =E + T (36)
Moreover, the interpolated - is written in terms of v& and vk values as
/ = rpvP (1 —rp)vg k (37)

Further, the pressure gradient at the interface is discretized as

Pr_PP g 4 (Vp), Ty (38)

Vp) Sy = (Vp)Ef + (Vp), T, =
(Vp)rSr = (Vo) Er + (Vp) Ty dor

where Eyis the magnitude of E;, dpp is the distance between grid points P and F, and
(Vp)s- Tyis treated as a source term, in a deferred-correction manner, with its value
computed explicitly using the current pressure field.

When all terms are substituted into Eq. (35), the discretized pressure equation
for two-phase flow is obtained as

Za';”"u’;ﬁzaf;y”vma';fpwz > A 3 ah
k

F=NB(P) F=NB(P)
+ Z appr =

with NB(P) denoting the neighbors of the P grid point and the coefficients given by

(39)

Y = Z p}{(a}‘)*rpS}c a’}" = (cx;f)*(l—rp)ij (40a)
()
= 3 ob(h) ns) & =ef(h) 1= (408)
J=nb(P)
2D Ex-l—D E}
“@”;f_;)*’f[( Dl 0
DVkEy

-yt )
=3 5 () TI07 90) 1 (07 550) 8] oo
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When Egs. (11) and (39) are gathered for every control volume of a two-phase-flow
problem, a system of five equations results, with its solving matrix having the
following form:

B k 3 k,m kp ]
A R
ko k s kym K
veu/ vy vy v'p k
ap dp 0 dp ap v
i,k 1, ] "
u"u uu "y P m
P 0 ap" dap” dp up
ke ok oy m mm i m
0 a5 ap" ap” w0 VP
k k m m
1 v u v P pr
L &y dp  dp Ay dp
ok k k ok ukp
uu 748! P k
ap”  dp 0 0 ap uk. b4,
ek k ok vk k
ap”  ay" 0 0 dap ||k b
. m
+ § 0 0 ¢ astr |\ up | = | by (41)
F:NB(P> 0 0 a;;n n a}::uvm a;"”p VIFH b;}”’
k N m m
L g g ap e L

These equations are assembled for the entire domain into a global matrix as
| N R {}
=1 . (42)
{ {
where, for a two-phase, two-dimensional flow, each pair of small square brackets
“II” is a 5 x 5 matrix of coefficients and each pair of curly brackets “{}” isa 5x 1
array of the variables or sources. The set of equations assembled in the global matrix
displayed in Eq. (42) are solved simultaneously for all variables. The adopted
algebraic solution algorithm is a combination of an ILU(0) [27] solver with an
additive corrective multigrid method [28]. This combination is found to provide
the high convergence rate of multigrid methods with the simplicity and low storage

of the basic ILU algorithm. Additional details on the implementation of the
algebraic solver can be found in [11].

RESULTS AND DISCUSSION

The performance of the coupled solver is assessed by solving eight one-
dimensional, two-phase-flow problems and comparing results with similar ones
obtained using the segregated MCBA-SIMPLE algorithm [18]. These problems can
be categorized as: (i) horizontal particle transport [Figure 2a], and (ii) vertical particle
transport [Figure 2b]. Results are presented in terms of convergence history plots and
tabulated values of the number of iterations and CPU time needed to obtain a con-
verged solution. For all problems and for both coupled and segregated algorithms,
computations were terminated when the maximum normalized residuals over the
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o Pin Vin— = ——
d 4 d »

ol . . — - — -
in "In Tip

Figure 2. (@) Physical domain for horizontal flow. (b) Physical domain for vertical flow.

domain and for all phases dropped below a vanishing quantity &, The maximum
normalized residual (RES) is defined as

Cl)k d)k _ bq)/\
ap op + ZaNBd)NB P
RES = max NB

over all elements (bk
and over all phases aP (:I)p

(43)

Despite its geometric simplicity, the one-dimensional particle transport problem
can represent a wide range of physical conditions. The effects of grid refinement on
convergence are studied by solving the problems on three grid systems of sizes
10,000, 30,000, and 50,000, control volumes with &, assigned the value of 107>

Horizontal Particle Transport

Figure 2a displays a schematic of the physical situation under consideration.
The problem is solved for two values of the density ratio, representing either the
steady flow of solid particles suspended in a free stream of air (p"/ p°=2,000) or
the steady flow of air bubbles in a stream of water (p“/ p?=1,000). For each density
ratio, results are generated for two values of the volume fraction, representing dilute
and dense particle/bubble concentration in the suspension. The air/water and
particle/bubble velocity profiles for the four cases considered are presented in
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Figures 3a-3d. Reported results are obtained assuming that the interparticle /bubble
forces along with diffusion within both phases are negligible. Drag between the two
phases is the only force considered, and denoting the radius of the particles by r,, it is
calculated as

air and particle axial velocity

water and bubbles axial velocity

8 r

P

Ly

If, =
81,

Uiy = v~

3C : X
D Old p(, Uslip (vd _ VL)

3Cp 4

o

P Ustip (V! = ¥)

©

6
i Dilute horizontal gas-solid flow i Dense horizontal gas-solid flow
- - 5
- . S )
| ad -16° 3 | d =19
o
I 2t
L = 4
- %+ _ i
| < —
i)
B )
I £
L s 3}
I ———8—— air velocity (current predictions, coupled) = I ——8— air velocity (current predictions, coupled)
=1 I .
——— = air velocity (current predictions, segregated) f | ——®— air velocity (current predictions, segregated)
L ——©——— particles velocity (current predictions, coupled) s} ———©—— particles velocity (current predictions, coupled)
o ——— @ particles velocity (current predictions, segregated) 2 ——@—— particles velocity (current predictions, segregated)
I — - —A— - — cquilibrium velocity (analytical solution) | — - —A—-— cquilibrium velocity (analytical solution)
H —-—9—-— particles velocity (analytical solution) — - —V— -~ particles velocity (analytical solution)
TR SATSR RS R 1 PRI I IS S
0 5 10 15 20 0 5 10 15 20
x x
(a) ®)
6
i i —— 88— water velocity (current predictions, coupled)
| Dilute horizontal bubbly flow | ———m——— water velocity (current predictions, segregated)
5 1 ———©—— bubbles velocity (current predictions, coupled)
b
- 2 5 — @ bubbles velocity (current predictions, segregated)
PPN P P GRD G Gy G NS S Y g L . _A— - — equilibrium velocity (analytical solution)
{ e r . _g—-— bubbles velocity (analytical solution)
—_— B
d S 4L
- a“ =0.1 2 4
b <
[ ———8—— water velocity (current predictions, coupled) 2 &
———m—— water velocity (current predictions, segregated) ﬁ Eneo 07 L L Zamsll Sems DA
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3 5 L
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o P
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Figure 3. Axial velocity variation of (@) dilute air—particle, (b) dense air—particle, (¢) dilute bubbly flow in a
horizontal duct, and (d) dense bubbly flow in a horizontal duct.
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The value of the drag coefficient, Cp, is set at 0.44. The task is to calculate the
particle/bubble velocity distribution as a function of position. If the flow field is
extended far enough (here L=20m), the particle/bubble and fluid phases are
expected to approach an equilibrium velocity given by

_aC 4 d d
Uequilibrium = Olinlet Uinlet + Qipget Uinlet (47)

Problem 1: Dilute gas-solid flow. For this problem, the inlet air (U,
and particle (UZ,,) velocities are set at 5m/s and 1 m/s, respectively. The physical
properties of the two phases are p?/p®=2,000, r, =1 mm, and o, = 10-°. Due to
the dilute concentration of the particles, the free-stream velocity is almost unaffected
by their presence, and the equilibrium velocity is nearly equal to the inlet free-stream
velocity. Based on this observation, Morsi and Alexander [29] obtained the following
analytical solution for the particle velocity u“ as a function of the position x and the

properties of the two phases:

Ll’l[ ¢ ud} + Uiillel _ é p(? @

c
d inl
inlet — i(;ilet —ud SW ) x+Ln [Uicnlet - Uinlet} + ¢ Imlet___ (48)

inlet Uiﬁlet
This case is of particular importance since the flow situation has an exact solution.
As shown in Figure 3a, the predicted particle and air velocity distributions generated
with both coupled and segregated solvers fall on top of the analytical solution given
by Eq. (46), indicating a correct implementation of the numerical procedures.

A summary of the number of iterations, the CPU time, and their ratios for all
grid sizes are presented in Table 1a. As depicted, the coupled solver requires a much
lower number of iterations than the segregated solver. For the coupled solver the
number increases from 54 iterations, for a grid with size of 10,000 control volumes,
to 197 iterations for a grid system with size of 50,000 control volumes. For the
segregated solver the number increases from 355 to 1,466 iterations, respectively.
The ratio of the number of iterations required by the segregated solver to that
required by the coupled algorithm varies between 7.4 and 9.8. The solution time
required by the coupled solver increases from 355 to 7,188 s, while the computation
time of the segregated solver increases from 654 to 9,856 s. The ratio of the CPU time
required by the segregated solver to that required by the coupled algorithm varies
between 1.4 and 1.8, indicating reduction in computation time with the coupled solver
for all grid sizes used. This performance of the coupled solver is further demonstrated

Table 1a. Comparison of the number of iterations and CPU time required for convergence by the coupled
and segregated solvers for horizontal dilute gas—solid flow

Coupled solver (C) Segregated solver (S) S/C
Mesh Iterations Time (s) Iterations Time (s) Iterations Time
10,000 51 355 501 654 9.8 1.8
30,000 138 3,061 959 3,890 6.9 1.3

50,000 197 7,188 1,466 9,856 7.4 1.4
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by the residual history plots presented in Figures 4a—4d. These plots compare the
convergence of the newly developed coupled solver with the ones obtained using
the segregated MCBA-SIMPLE solver. Figures 4a and 4b are for a grid with size
of 10,000 control volumes, while Figures 4c¢ and 4d are for a grid with size of
50,000 elements. The higher rate of convergence per iteration obtained with the
coupled solver can easily be inferred from the plots.

Problem 2: Dense gas-solid flow. The only difference between this case and
the previous one is in the concentration of particles, which is set at of , = 1072
For this value of the particle volume fraction, the ratio of disperse-phase and
continuous-phase mass loadings is large, o”p?/ap® =20, indicating that the particle
phase carries most of the inertia of the mixture. The equilibrium velocity in this case,
as obtained from Eq. (47) is 4.96m/s, which is still close to the inlet air velocity.
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Figure 4. Comparison of residual history plots for grid systems with sizes of 10,000 [(a) and ()] and 50,000
[(¢) and (d)] control volumes obtained by the coupled [(a) and (c)] and segregated [(b) and ()] algorithms
for the dilute particle flow in a horizontal duct problem.



COUPLED PRESSURE-BASED TWO-PHASE FLOW SOLVER 63

Therefore the variation in particle velocity can be obtained again from Eq. (48).
The predicted air and particle velocity distributions are displayed in Figure 3b.
The numerical (coupled and segregated) and analytical particle velocity profiles are
indistinguishable and fall on top of each other. Moreover, the slight decrease in the
air velocity can be easily depicted.

The number of iterations, CPU time, and their ratios that are presented in
Table 15 in addition to the convergence history plots displayed in Figures 5a-5d,
indicate behavior similar to that of the dilute case, with the acceleration rates for
the different grid sizes being respectively equal.

Problem 3: Dilute bubbly flow. For this problem, the continuous phase is
considered to be water and the disperse phase to be air. The resulting flow is denoted
in the literature by bubbly flow. The differences in physical properties between this case
and the previous ones are only in the values of the density ratio (p?/p°) and the
disperse-phase volume fraction at the inlet (ocﬂﬂet), which are set at 107> and 0.1,
respectively. This is a strongly coupled problem and represents a good test for the
coupled solution algorithm. The correct physical solution is that the bubble and
continuous-phase velocities both reach the equilibrium velocity of 4.6 m/s [Eq. (47)]
in a very short distance. The axial velocity distribution for both water and air are dis-
played in Figure 3¢. As expected, both phases reach the equilibrium velocity of 4.6 m/s
over a very short distance from the inlet section and remain constant afterward.

Results displayed in Table 1¢ indicate that the number of iterations required by
the coupled solver, varies between 35 and 39 as the grid size increases from 10,000 ele-
ments to 50,000 elements. For the segregated solver however, the number increases
from 450 to 640 iterations, respectively, with the ratio of the number of iterations
to convergence required by the segregated solver to that required by the coupled
algorithm varying between 12.9 and 18.7 with the grid size. As compared to the pre-
vious cases, a larger reduction in computation time is obtained with the ratio of the
time needed by the segregated solver to that needed by the coupled solver increasing
from 2.3 to 3.6 as the grid size increases. This performance of the coupled algorithm
is further revealed by the residuals’ reduction rates, depicted in Figures 6a—6d. As
shown, the rate of convergence of the coupled algorithm is much higher than the rate
at which convergence is achieved with the segregated algorithm. It further reveals the
higher stability and robustness of the coupled approach.

Problem 4: Dense bubbly flow. This problem is similar to the previous one

except for the concentration of bubbles, which is set at ocfillet = 0.4. Due to the high

Table 15. Comparison of the number of iterations and CPU time required for convergence by the coupled
and segregated solvers for horizontal dense gas—solid flow

Coupled solver (C) Segregated solver (S) S/C
Mesh Iterations Time (s) Iterations Time (s) Iterations Time
10,000 54 373 500 659 9.3 1.8
30,000 136 2,982 958 3,860 7.0 1.3

50,000 195 7,159 1,465 9,783 7.5 1.4
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Figure 5. Comparison of residual history plots for grid systems with sizes of 10,000 [(a) and ()] and 50,000
[(¢) and (d)] control volumes obtained by the coupled [(a) and (c)] and segregated [(b) and ()] algorithms
for the dense particle flow in a horizontal duct problem.

value of void fraction, the likelihood of bubble coalescence is high. However, this is
not accounted for here. The analytical solution is the same as in the previous case
with the equilibrium velocity, as computed from Eq. (47), being 3.4 m/s. As depicted
in Figure 3d, the equilibrium velocity obtained numerically is exact.

Table 1¢. Comparison of the number of iterations and CPU time required for convergence by the coupled
and segregated solvers for horizontal dilute bubbly flow

Coupled solver (C) Segregated solver (S) S/C
Mesh Iterations Time (s) Iterations Time (s) Iterations Time
10,000 35 262 450 593 12.9 2.3
30,000 34 843 637 2,581 18.7 3.1

50,000 39 1,361 640 4,593 16.4 3.6
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Figure 6. Comparison of residual history plots for grid systems with sizes of 10,000 [(¢) and (5)] and 50,000
[(c) and (d)] control volumes obtained by the coupled [(a) and (¢)] and segregated [(b) and (d)] algorithms
for the dilute bubbly flow in a horizontal duct problem.
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The number of iterations, computational time, and convergence history plots
for the problem are presented in Table 14 and Figures 7a—7d, which show that the
required computational effort for the problem is higher than in the previous case.

Table 1d. Comparison of the number of iterations and CPU time required for convergence by the coupled
and segregated solvers for horizontal dense bubbly flow

Coupled solver (C) Segregated solver (S) S/C
Mesh [terations Time (s) Iterations Time (s) Iterations Time
10,000 49 282 510 671 10.4 2.4
30,000 51 899 959 3,891 18.8 43

50,000 93 3,411 1,445 9,799 15.5 2.9
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Figure 7. Comparison of residual history plots for grid systems with sizes of 10,000 [(a) and ()] and 50,000
[(¢) and (d)] control volumes obtained by the coupled [(a) and (c)] and segregated [(b) and ()] algorithms
for the dense bubbly flow in a horizontal duct problem.

The number of iterations for the coupled solver varies between 49 and 93 iterations,
whereas for the segregated algorithm it varies between 510 and 1445 iterations.
Therefore, as for the previous cases, converged solutions are achieved at lower
computation cost with the coupled algorithm. The ratio of the time needed by the
segregated solver to that needed by the coupled solver varies between 2.4 and 4.3
as the grid size varies between 10,000 and 50,000 control volumes. This is further
demonstrated by the convergence history plots displayed in Figures 7a-7d.

Vertical Particle Transport

As shown in Figure 2b, for the same geometric parameters used above, the pipe
is placed in a vertical direction and the gravitational acceleration is assigned a value of
g=10m/s? in the negative y direction. The interparticle/bubble forces are again
neglected, but diffusion in the continuous phase is retained. Moreover, the interphase
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drag force is calculated using Eqs. (44-46), and the drag coefficient, Cp, is considered
to be particle Reynolds number—dependent and calculated as

24 2}" l Jsli
Cp=—-——+044 Re,="L"%F 49
7 Re, K Ve (49)

As for horizontal particle transport, the problem is solved for four different combina-
tions of the physical quantities using three grid systems with sizes of 10,000, 30,000,
and 50,000 control volumes. The generated air/water and particle/bubble velocity
profiles are presented in Figures 8a—8d.

Problem 5: Dilute gas-solid flow. The density ratio (p?/p©) is set at 10°, the
kinematic viscosity (v°) at 1073, the particle diameter (r,) at 1 mm, the disperse-phase

inlet volume fraction (o, ) at 107°, and the inlet air (Uf,,) and particle (UZ,,)
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velocities at 100 m/s and 10 m/s, respectively. The large velocity boundary condition
is used to ensure that the solid phase does not exit the inlet. As depicted in Figure 8a,
the predicted air and particle velocity distributions using both the coupled and
segregated solution procedures are on top of each other and in excellent agreement
with similar predictions reported in [30].

The number of iterations and computation cost for all grid sizes are presented
in Table 2a. As shown, the number of iterations required by the coupled solver is
much lower than the number required by the segregated solver. For the coupled
algorithm it increases from 41 to 144 iterations, as the grid size increases from
10,000 to 50,000 control volumes. For the segregated solver the number of iterations
increases from 465 to 1,397 iterations. The ratio of the number of iterations required
by the segregated solver to that required by the coupled algorithm varies between 9.2
and 11.3. The CPU time consumed by the coupled solver increases from 283 to
5,357 s, while it increases from 588 to 9,198 s with the segregated solver. The coupled
solver requires less computational time compared to the segregated solver over all
grid sizes, with the ratio of times (S/C) varying between 1.6 and 2.1. This superiority
in performance of the coupled solver is further demonstrated by the residual history
plots presented in Figures 94¢-9d, which clearly show the higher rate of convergence
per iteration.

Problem 6: Dense gas-solid flows. All physical and material properties are
similar to the previous case with the exception of the particles’ volume fraction

(oz<d> ), which is set at 1072, The predicted coupled and segregated air and particle

inlet
velocity profiles displayed in Figure 86 fall on top of those reported by Baghdadi
[26]. The number of iterations and CPU times (Table 2b) required by both the coupled
and segregated solvers over all grid systems are almost the same as those obtained for
the dilute case. This is also true for the rate of acceleration obtained with the coupled
solver. The convergence history plots displayed in Figures 10a-10d show also a
behavior similar to that of the dilute case.

Problem 7: Dilute bubbly flows. Considering the continuous phase to be
water and the disperse phase to be air, the problem is solved for a density ratio
(p?/p°) of 1073, inlet water and air velocities of 100m/s and 10m/s, respectively,
and an inlet void fraction of 0.1.

As depicted in Figure 8¢, the continuous- and disperse-phase velocity profiles
obtained using the segregated and coupled solvers fall on top of each other. The
number of iterations and CPU time for both algorithms are compared in Table 2¢

Table 2a. Comparison of the number of iterations and CPU time required for convergence by the coupled
and segregated solvers for vertical dilute gas—solid flow

Coupled solver (C) Segregated solver (S) S/C
Mesh Iterations Time (s) Iterations Time (s) Iterations Time
10,000 41 283 465 588 11.3 2.1
30,000 99 2,182 906 3,595 9.2 1.6

50,000 144 5,357 1,397 9,198 9.7 1.7
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Figure 9. Comparison of residual history plots for grid systems with sizes of 10,000 [(¢) and (5)] and 50,000
[(c) and (d)] control volumes obtained by the coupled [(a) and (c)] and segregated [(b) and (d)] algorithms
for the dilute particle flow in a vertical duct problem.
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for the various grid systems used. The number of iterations varies between 33 and 59
for the coupled solver and between 476 and 1,400 for the segregated solver as the grid
size increases from 10,000 to 50,000 control volumes. The time required by the
coupled and segregated solvers increases from 196 to 2,070s and from 604 to
9,454 s, respectively, as the mesh size increases. This indicates that the ratio of the

Table 2b. Comparison of the number of iterations and CPU time required for convergence by the coupled
and segregated solvers for vertical dense gas—solid flow

Coupled solver (C) Segregated solver (S) S/C
Mesh Iterations Time (s) Iterations Time (s) Iterations Time
10,000 41 286 468 613 11.4 2.1
30,000 99 2,167 912 3,691 9.2 1.7

50,000 145 5,330 1,396 9,462 9.6 1.8




70 M. DARWISH ET AL.

———8—— pressure ——8—— pressure

——A—— volume fraction (air) ——A—— volume fraction (air)
———9%— u-velocity component (air) ———%— u-velocity component (air)

——>—— v-velocity component (air) —>—— v-velocity component (air)

-1
10 ———<—— volume fraction (particles | ———<—— volume fraction (articles
102%- & P

——6—— u-velocity component (particles) ———6—— u-velocity component (paricles)

@» 102 17}

=10 v-velocity component (particles) = v-velocity component (particles)

S =1

2 S10°

J g

£10° &

‘ A pe—e—a o &\
n\l\%ﬁv«\\l\\\\

10°% - L = s 10° L
0 10 20 30 40 0 100 200 300 400
Iteration Iteration
(a) (®)
10° 10°g
¢ ——8——  pressure ——8—— pressure
I ——a—— volume fraction (air) : ——a—— volume fraction (air)
10" ——<—— u-velocity component (air) 107 E ———— u-velocity component (air)

—B—— v-velocity component (air) I ——®>— v-velocity component (air)
——<——  volume fraction (particles) ——<—— volume fraction (particles)
——&—— u-velocity component (particles) & ——&—— u-velocity component (particles)

v-velocity component (particles) v-velocity component (particles)

Residuals
)
Residuals
=)

H‘H.,.leyl..‘ly“
0 20 40 60 80 100 120 140 800 1000 1200 1400
Iteration Iteration

(©) (d)

Figure 10. Comparison of residual history plots for grid systems with sizes of 10,000 [(«) and (b)] and
50,000 [(c¢) and (d)] control volumes obtained by the coupled [(a) and (c¢)] and segregated [(b) and (d)]
algorithms for the dense particle flow in a vertical duct problem.

time required by the segregated solver to that needed by the coupled algorithm (S/C)
varies between 3.1 and 4.6. Therefore a substantial reduction in computation cost
is achieved with the coupled solver. These savings can also be inferred from the
convergence history plots displayed in Figures 11a-11d, which also demonstrate
the higher stability and robustness of the newly developed coupled algorithm.

Table 2¢. Comparison of the number of iterations and CPU time required for convergence by the coupled
and segregated solvers for vertical dilute bubbly flow

Coupled solver (C) Segregated solver (S) S/C
Mesh Iterations Time (s) Iterations Time (s) Iterations Time
10,000 33 196 476 604 144 3.1
30,000 53 1,087 914 3,758 17.2 3.5

50,000 59 2,070 1,400 9,454 23.7 4.6
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Figure 11. Comparison of residual history plots for grid systems with sizes of 10,000 [(¢) and ()] and
50,000 [(c¢) and (d)] control volumes obtained by the coupled [(a) and (c¢)] and segregated [(b) and (d)]
algorithms for the dilute bubbly flow in a vertical duct problem.

Problem 8: Dense bubbly flows. The only difference between this problem
and the previous one is in the value of the void fraction (aﬁllet) which is assigned the
value 0.4. Results for the problem are generated using both the coupled and
MCBA-SIMPLE algorithm over the three grid systems with sizes of 10,000, 30,000,
and 50,000 elements. The predicted liquid and gas velocity distributions obtained
via the coupled and segregated algorithms [Figure 8d], are on top of each other. As
shown in Table 2d, a larger number of iterations (especially at higher grid sizes) is
required as compared to the dilute case. The coupled solution requires 35 iterations
on a grid with size of 10,000 control volumes. This number increases to 128 iterations
and then 175 iterations as the grid size increases to 30,000 and 50,000 elements,
respectively. The corresponding numbers of iterations needed by the segregated solver
are 477, 904, and 1,389, respectively. The CPU time consumed by the coupled solver
increases from 266, to 2,150, to 6,418 s as the grid size increases. The corresponding
times required by the segregated solver are 627s, 3,838s, and 9,277 s, respectively.
Reduction in the computational effort is achieved with the coupled solver on all grid
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Table 2d. Comparison of the number of iterations and CPU time required for convergence by the coupled
and segregated solvers for vertical dense bubbly flow

Coupled solver (C) Segregated solver (S) S/C
Mesh Iterations Time (s) Iterations Time (s) Iterations Time
10,000 35 266 477 627 13.6 2.4
30,000 128 2,150 904 3,838 7.1 1.8
50,000 175 6,418 1,389 9,277 7.9 1.4

sizes, with the ratio of the time required by the segregated algorithm to that needed by
the coupled solver (S/C) varying between 1.4 and 2.4. This behavior is further
revealed by the convergence history plots reported in Figures 12a—12d, which clearly
show the higher rate of convergence achieved by the coupled solution procedure.
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Figure 12. Comparison of residual history plots for grid systems with sizes of 10,000 [(a) and (b)] and
50,000 [(c¢) and (d)] control volumes obtained by the coupled [(a) and (c)] and segregated [(b) and (d)]
algorithms for the dense bubbly flow in a vertical duct problem.
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CLOSING REMARKS

A coupled pressure-based algorithm for the solution of disperse two-phase flows
was developed. The solver was implemented within a collocated finite-volume method
and used to solve eight one-dimensional, two-phase-flow problems spanning the spec-
trum from dilute bubbly to dense gas—solid flows. The coupled solver was demonstrated
to accelerate convergence over all grid sizes employed. When compared to MCBA-
SIMPLE, the rate of solution acceleration was found to vary between 1.3 and 4.6.

All test cases used in this article were one-dimensional. Therefore, future work
will concentrate on testing the method for multidimensional two-phase-flow
problems in order to assess the ability of the coupled solver to solve such problems.
Moreover, the phases in the problems presented were all incompressible. Future work
will also concentrate on extending the capabilities of the coupled solver to simulate
compressible multiphase flows. Furthermore, the MCBA approach was followed to
derive the pressure equation. This caused the volume-fraction field to remain
decoupled from the pressure and velocity fields. Work on developing a fully coupled
multiphase-flow solver is still needed.
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